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Abstract—A flutter suppression strategy based on the inverse dynamic method is proposed for a two-degree-of-freedom
(2-DOF) wing section equipped with trailing-edge (TE) and leading-edge (LE) control surfaces. A smooth reference
trajectory is constructed to guide the plunge and pitch degrees of freedom from a perturbed state back to the equilibrium
position. The inverse dynamic method is then employed to track this trajectory, thereby achieving flutter suppression in
simulation. The stability of the closed-loop system is analyzed using Lyapunov stability theory under stated assumptions.
For the nonlinear problems in 2-DOF wing systems, three nonlinear pitch stiffness forms in the wing system are studied.
In addition, the Monte Carlo method is used to solve the uncertainty problems in this nonlinear system and to obtain the
flutter failure probability distribution at different freestream velocities. For this wing system, the controllable boundary is
defined as the freestream velocity at which the cumulative probability of closed-loop flutter occurrence reaches 0.1%.
This controllable boundary can be predicted via the Monte Carlo method. The discrete and continuous gust models are
also established for wind gusts that the wing may encounter. The inverse dynamic method is shown to control the system

acceleration responses into a small range under the proposed gust disturbance.
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1 Introduction

One of the future trends in the design of modern aircraft structures is the increasing structural
flexibility, which may lead to complex aeroelastic instability risks. In flight, the interaction between

the structure, inertia and aerodynamic forces may cause self-excited vibrations such as flutter [1][2].

Authors’ address: C. X. Zhang and J. Y. Zhang are with the School of Aeronautic Science and Engineering, Beihang
University, Beijing 102206, China, E-mail: (zy2305423@buaa.edu.cn; jiaying.zhang@buaa.cdu.cn ). (Corresponding author:
Jiaying Zhang.)



mailto:zy2305423@buaa.edu.cn
mailto:jiaying.zhang@buaa.edu.cn

The flutter phenomenon can lead to the critical damage to the structure of the flight vehicle, and is
detrimental to flight safety. Various flutter suppression methods have emerged with the in-depth study
of these problems. According to different principles, the overall techniques can be divided into passive
and active flutter suppression (AFS) [3]. The main measures of the former include: (1) Changing the
local or global stiffness of the structure [4]. (2) Placing masses at predefined locations to eliminate
inertial or aerodynamic coupling. Despite the high safety and reliability of the method, it leads to
increased weight, reduced performance and higher system structure costs. To address the deficiencies
of the passive flutter suppression method, the AFS technique has rapidly appeared and developed
since the 1970s [3]. After decades of research, AFS technology has matured and has been successfully
applied to the X-56A Unmanned aerial vehicle (UAV) [5].

At the same time, the development of modern control theory [6] has led to advancements in control
system design from single-input/single-output (SISO) to multiple-input/multiple-output (MIMO). It
has provided an abundant theoretical foundation for AFS technology. For linear SISO/MIMO system,
traditional control methods such as proportional integral derivative (PID) [7], linear quadratic
regulation (LQR) [8] and linear quadratic gaussian (LQG) [9], have been effective and easy to
implement. However, the aeroelastic problems of the wing system often exhibit nonlinearity, making
linear control methods unsuitable. Such nonlinearities are caused by factors like worn hinges on
control surfaces, gaps in the control surfaces, nonlinear material properties and various other factors
[10][11]. Additionally, uncertainties resulting from design, manufacture, assembly and measurement
of the wing structures make it challenging to describe them quantitatively [12][13].

The uncertainty of the system has an important impact on the aeroelastic problem. Li and Yang [12]
studied the influence of uncertainties in a 2-DOF wing section with free play stiffness, using Monte
Carlo simulation (MCS) and Gaussian random variables to quantify the uncertainties in the flutter
problem. Wu and Livne [13] developed a similar Monte Carlo framework and showed that
aerodynamic damping uncertainty dominates flutter prediction for the AGARD test wing. In practice,
manufacturing tolerances and measurement inaccuracies introduce further parametric uncertainties.
Recent tools such as interval-theory-based data-driven identification [14], panel/boundary-layer
coupled aerodynamic analysis [15], and LES-based forced-vibration studies [16] have improved
uncertainty quantification and flow prediction. However, these methods either treat the system as a
black box or focus primarily on the flow physics, without separating the compensation of known
nonlinear dynamics from the treatment of residual uncertainties. A systematic decoupling of nominal
nonlinearity cancellation from offline uncertainty quantification, as proposed in this work, has not

been addressed in these studies.



In addition to parametric uncertainties, aircraft structures are subjected to gust disturbances during
flight, which poses a further challenge for control design [17][18]. Reliable gust alleviation therefore
requires accurate characterization of the gust environment and precise response prediction. Recent
studies on dynamic coverage control in time-varying wind fields [19] and wavelet-based
multi-horizon trajectory prediction [20] show that refined environmental modelling improves
prediction fidelity. These works, however, do not address the direct cancellation of structural
nonlinearities, which is the core of the present control strategy. It should also be noted that structural
vibration can be mitigated through passive damping mechanisms, such as the memory effects of
viscoelastic and thermoelastic materials [21-24]. While these approaches provide an alternative path
for vibration reduction, they rely on material energy dissipation rather than active control of the
aeroelastic dynamics.

In recent years, several control algorithms have been developed for the aircraft or wing model systems,
including sliding mode control (SMC) [25][26], robust and fault-tolerant control [27-29], adaptive
control [30][31], active disturbance rejection control (ADRC) [32-34], and active dynamic vibration
absorbers [35]. Li et al. [26] proposed an observer-based SMC strategy for high-dimensional bending-
torsion coupling flutter with delayed output, achieving effective suppression using piezoelectric patch
actuators. However, the control law relies on a discontinuous switching mechanism, which may excite
unmodelled high-frequency structural modes. Schmidt et al. [29] used robust H», modal isolation and
damping for adaptive aeroelastic suppression (MIDAAS) and identically located acceleration and
force (ILAF) to suppress body-freedom flutter (BFF) on a test-bed aircraft, treating the nonlinear pitch
stiffness as model uncertainty bounded by frequency-domain weighting functions. Yang et al. [33]
proposed an error-based control law using the ADRC algorithm to remove the flutter instability for a
2-DOF wing model with measurement noise and uncertain parameters. In this framework, the stiffness
is absorbed into the total disturbance estimated and compensated by the extended state observer. In
both approaches, the nonlinear stiffness is not directly cancelled in the control law but is instead
handled indirectly as an uncertainty or disturbance. Mozaffari-Jovin et al. [31] proposed an Li
adaptive controller for an unsteady flapped airfoil, and demonstrated effective flutter suppression. In
this framework, the closed-loop transient response is governed by a linear reference model, and the
aeroelastic states follow the dynamics of that model rather than an explicitly planned trajectory from
the perturbed state to the equilibrium. Ebrahimzadeh et al. [35] proposed an active dynamic vibration
absorber (ADVA) for a 2-DOF wing model, with feedback gains optimised by a genetic algorithm.

The active absorber further extended the flutter boundary and exhibited robustness to parameter



variations. This strategy suppresses flutter by modifying the equivalent damping and stiffness of the
system, without prescribing an explicit reference trajectory for the plunge and pitch responses.

As a further comparison, several advanced control strategies achieve robustness by explicitly
incorporating uncertainties online. Examples include distributed fault-tolerant formation control with
prescribed performance [36], neural-network-based sliding mode control for quadrotors [37], and
event-triggered predefined-time attitude control for spacecraft [38]. In contrast, the proposed inverse
dynamic approach analytically cancels the nominal nonlinearity and assigns uncertainty
quantification to an offline Monte Carlo assessment. This decoupling avoids introducing additional
conservatism into the online loop while providing a probabilistic stability boundary.

Unlike existing studies, this paper proposes a novel flutter suppression strategy based on the inverse
dynamic method. The inverse dynamic method utilizes differential geometric analysis to achieve
exact linearization of nonlinear systems and systematic control law design [39][40]. It has been widely
applied to trajectory tracking problems, including robot manipulator control [41], satellite attitude
maneuvers [39], aircraft and missile guidance [42][43], and vehicle trajectory optimization [44].
These applications demonstrate its flexibility in path planning, computational efficiency, and ability
to meet prescribed boundary conditions. Despite these advantages, the inverse dynamic method
typically relies on a predefined external reference trajectory. Consequently, this method is not directly
applicable to stabilization problems, such as flutter suppression. In flutter suppression, the primary
objective is to eliminate the vibrations in both the plunge and pitch degrees of freedom, thereby
driving the system from a perturbed position to the equilibrium position. Nevertheless, there exists no
such predefined reference trajectory that can smoothly accomplish this transition. To address this, this
paper proposes a method to generate such a smooth, continuous trajectory from the perturbed position
to the equilibrium position. The inverse dynamic method is then employed to force the time-domain
responses of both degrees of freedom to track this trajectory. In this manner, the flutter of the 2-DOF
wing system can be effectively suppressed through the proposed control strategy.

Compared with the existing flutter suppression strategies reviewed above, the proposed method
differs in three fundamental aspects. First, a smooth reference trajectory is explicitly planned for the
suppression transient, rather than leaving the response to be shaped indirectly by feedback gains or
absorber dynamics. Second, the nonlinear pitch stiffness is cancelled analytically through the inverse
dynamics control law, instead of being treated as a disturbance or uncertainty to be rejected or adapted
to. Third, nonlinearity compensation and uncertainty quantification are decoupled. The nominal
nonlinear terms are cancelled directly in the control law, while parametric uncertainties are quantified

offline via the Monte Carlo method. This decoupling provides a probabilistic stability boundary and
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avoids introducing conservatism into the online controller. The same framework is further extended
to gust load alleviation, covering both discrete and continuous gust scenarios.

The contributions of this paper are:

Contribution 1: A novel control strategy for suppressing 2-DOF wing flutter based on the inverse
dynamic method is proposed. By constructing the reference trajectory internally through linearization
and LQR, this strategy extends the classical inverse dynamics method from trajectory tracking to the
stabilization of self-excited vibrations.

Contribution 2: A decoupled treatment is established whereby nominal nonlinearities are cancelled
analytically in the control law while parametric uncertainties are quantified offline via the Monte
Carlo method. The closed-loop controllable boundary, defined at a cumulative flutter probability of
0.1%, is obtained under Gaussian parameter uncertainties.

Contribution 3: The inverse dynamic method is extended to gust load alleviation under both discrete
l-cosine and continuous gusts, with alleviation performance quantified via root-mean-square
acceleration reduction rates.

The rest of this paper is as follows. The Section 2 conducts modeling of a 2-DOF wing system with
nonlinear pitch stiffness. The Section 3 introduces the flutter control scheme based on the inverse
dynamic method. The Section 4 conducts numerical simulations for active flutter control of this
system. The Section 5 investigates the closed-loop controllable boundaries of flutter with parameter
uncertainty. The Section 6 applies this control scheme to gust load alleviation. The Section 7 is the

conclusion.

2 Nonlinear aeroelastic model

This paper investigates a classical two-dimensional wing section with LE and TE control surfaces, as
shown in Fig. 1. Platanitis and Strganac [45] previously investigated this model’s performance though
both experiments and simulation studies. It is evident that this system has 4 degrees of freedom.
However, as the high frequency dynamics of LE and TE control surfaces are significantly different
from the 2-DOF plunge and pitch wing system, only the latter are considered in the dynamic
equations. The inertia and stiffness properties of the control surfaces are ignored, focusing solely on

their effect on aerodynamic forces. The variables in this paper are named in TABLE 1.

TABLE I System parameters nomenclature

Symbol Meaning Symbol Meaning
b semi-chord of wing section G wing section lift coefficient
a non-dimensional distance from mid- Cm wing section moment coefficient at



chord to elastic axis

non-dimensional distance from elastic
axis to center of mass

wing section span
mass of wing section
total mass of pitch—plunge system

total mass moment of inertia about
elastic axis
plunge displacement

pitch angle

trailing edge control surface deflection
leading edge control surface deflection
freestream velocity

air density

amplitude of the gust

power spectral density function

ratio of gust scale to freestream velocity
root mean square

gust alleviation rate

quarter-chord

aCl/aa (Clﬁﬁ Cl}/’ Cma, Cmﬁ, Cmy) have
the similar definitions

plunge damping

pitch damping
plunge stiffness

pitch stiffness

aerodynamic lift

aerodynamic moment

standard deviation

average value

o/u , coefficient of variation
regression-based sensitivity factor
normal component of the gust velocity
gust scale

root-mean-square velocity of gust
circular frequency

spatial circular frequency

Fig. 1. 2-DOF wing model with control surfaces.

The dynamic equation of this system is as follows:

eI e 14 v | S R [ v

ke(a) = 12.77 + 53.47a + 1003a?

control surfaces, which are defined as

(1)

where k, (a) is the nonlinear pitch stiffness of this system [45], and has the following expression.

2)

In Eq. (1), the L and M are quasi-steady aerodynamic force and moment [45], including LE and TE



L = pU?bsC, [a + (h/U) + G - a) b(d/U)]
+pU?bsCigB + pU?bsCry

M = pU?b2SCyppyoft [a +(h/U)+ (3 - a) b(d/U)]
+pU2bZSCmﬁ—effﬁ + pUZbZSCmy—effy

where Crng_eff » Cmp—etf> and Gy _efr are the effective dynamic and control moment derivatives due
to pitch angle and control surfaces deflection [45]. Parameters Crg_eff » Cmp—efr> and Cpy—effs
representing the effective moment coefficients about the elastic axis in the a,  and y directions, are

written as

1
(Cma—eff = (5 +a)Cy+ 20,

)
Cmﬁ_eff = (% + Cl) Clﬁ + ZCm[g (4)
1
)

Cray-ett = (5 + @) Ciy + 2Cy

The system parameters are given in TABLE I1.

TABLE II System parameters of 2-DOF wing section model [45]

Parameter Value Parameter Value

b 0.1905m Cie 6.757

a —0.6719 Cip 3.774

Xg 0.5721 Cy —0.1566
s 0.5945m Cina 0

My 5.230kg Cinp —0.6719
mr 15.57 kg Crny —0.1005
I, 0.1419 kg - m? p 1.225 kg/m3
Ch 27.43 kg/s ky, 2844 N/m
Ca 0.0360 kg-m?/s

For this 2-DOF system, the state and output variables are defined as

x=[h @ h a]T
b )

Eq. (1) and (2) are combined to form the following state-space form

x=A(x)x + Bu
boe ©

The matrices are shown as



( ¢ —C¢; —ky _(kz + qa1(05))
A=|"¢ —c —ks3 —(k4 + Qaz(a’))
1 0 0 0
0 1 0 0

[d, d,
{B = dz d, (7)
0 0
0 O
[0 0 1 0
¢= :O 0 o0 1]
u= ﬁ]
\ Y

where p, and q, are nonlinear parameters in the system. All the system parameters in (6) are defined

as
(- | mr myXx,b
T [myxyb 1,
kl = Iakh/D

ky, = (IupU?bsCyy + myxopU?b3sCrry_efr) /D

ks = —myx,bky,/D

ky = (_mwxaPUZbZSCla - mTpUzbZSCma—eff)/D

G = [Ia(ch + pUbSCla) + meapUbgsCma—eff]/D

¢y = [lepUb?sCi,(1/2 — a) — myxobcy +
meapUb4SCma—eff(1/2 - a)]/D

c3 = [-mwx.b(cy, + pUbsCy,) — (8)
mTpUbZSCma—eff/D

¢y = [-MmywxepUb3sC,(1/2 — a) + myc, —
mTpUbSSCma—eff(l/Z - a)]/D

dy = (=IopU?bsCi—myxopU?b3sCpp_etr) /D

d, = (_IapUZbSCly_meapUzbgsCmy—eff)/D

ds = (mwx,pU?b?sCip + mrpU?b2sCrp_esr)/D

dy = (MwXapU?b*sCpy + myppU?b?sCry_efr) /D

qal(a) = _(mwxab/D)ka(a)

\qqz2(@) = (mr/D)ky(a)

where parameter D is the determinant of the mass matrix of this 2-DOF wing system.

D= mgl, — (meab)z = mT[Icg + mW(xab)z] - (mwxab)z >0 )

where parameter I.; > 0 is the total mass moment of inertia about center of mass. From Eq. (9), the

derivation shows that the determinant D is positive.



3 Inverse dynamic control scheme and stability judgement

3.1 Obtaining the reference trajectory

For the inverse dynamic method, a reference trajectory is necessary to design the control law. The
desired path can be obtained through the following steps, as shown in Fig. 2. Assuming one smooth
nonlinear time-invariant system A admits a Jacobian linearization, it may be reducible to a linear
time-invariant (LTI) system B. For system B, it may be controlled by classic linear control methods,
such as LQR approach [6]. This approach generates a globally smooth output trajectory y(t) from the
initial state to the equilibrium, which is adopted as the reference trajectory y*(t) for the inverse

dynamic method.

A B
Nonlinear Jacobi N Linear
System Linearization System
y*(t) A4
v R
Reference < Output of . LQR 0
Track System Controller

Fig. 2. Nonlinear system linearization to obtain the reference track.

Assuming system A can be transformed into a state-space representation analogous to that presented
in Eq. (6), its controllability may be analyzed through the inverse dynamic method. System A may
be written as

4 {0 = FO) + B

y() = C1x(b) tel0,T] (10)

where x(t) = [x; x, - x,,]T € R™ is the vector of system state, y(t) = [y, ¥, --- y;]T € Rl is the
vector of outputs, u(t) = [u; u, - u,]T € R™ is the vector of inputs, f(*) is a smooth nonlinear
function of dynamic process, B; € R™" and C; € R™™ are constant matrices. The generic
boundary conditions and constraints of this system are defined as follows:

x(0) =x

x(T) = xr
Due to the higher difficulty of controlling a nonlinear system than a linear system, the nonlinear
system A may be linearized first to get linear system B. A commonly-used method to obtain a linear
system is the Jacobian linearization [46]. To clearly demonstrate the linearization process, one case

of the nonlinear time-invariant system is chosen as follows:



X1 = filxg xz - X )
£(0) = f(x()) » | 2 = ol xz o xm) (12)
Xm = fim (X1 X3 =+ X )
where the vector of inputs u(t) is not considered. The equilibrium point of this system is assumed as

X|y=rr = f(x*) = 0. Assuming the function f admits a computable derivative at the equilibrium

point, the truncated Taylor expansion at the equilibrium point is written as

Ofh ... 91
O T AR P
x= f(x")+] : ., Dl (x—x"
f Ofm ... Ofm (13)
7S 3%m
=0+A,(x—x%)

where A; € R™™ is a constant matrix. If the equilibrium point is the origin, this equation may be
simplified as f(x) = A;x. Thus, the nonlinear time-invariant system 4 may be linearized to a linear

system B, which can be written as

_ {x(t) = A;x(t) + Bu(t) (14)

(@) = Cx(®)
The system B is a general form of a smooth LTI system. According to LQR approach, the cost
function is defined as

] = fr(xTQx + uTRu)dt (15)
0

where Q € R™ ™ and R € R™ "™ are constant diagonal semi-positive definite matrices, and have the

following forms.

{Q = Diag{q1,92, ", qm} (@;=0;i=12--,m) 16)

R = Diag{r,, 1y, -+, 1} (rj >0;j=1,2 ,n)

The choice of feedback gain matrices depends on the specific problem. For example, when controlling
the plunge direction presents a greater degree of difficulty, a larger weighting coefficient gq; is

typically assigned. The outputs of system B can be written as
y(t) = Cle(A1—B1K1)tx0 (17)

where K is the gain matrix, which is obtained by solving the Riccati equation [6].
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This output trajectory can be used as a reference track y*(t) in the inverse dynamic control process.
Replacing the system A with the 2-DOF wing system in (6), the desired path to suppress flutter can
be solved directly.

3.2 Inverse dynamic method

The concept of the inverse dynamic method is the equivalent transformation from the nonlinear
dynamic system to a decoupled linear system [40]. For nonlinear system A, the process of the control
law design using the inverse dynamic method is shown in Fig. 3. The idea of the inverse dynamic
method is to explore a control vector u(t) to track a desired output trajectory y*(t) by satisfying the

boundary condition, and can be expressed as
lim e(y(t), y*(¢), t) = lim[y(¢) — y*(t)] = 0 (18)

where e(*) is a continuous constraint function, representing the tracking error of the system A. By
defining one feedback term, the control problem of nonlinear systems can be transformed into the
convergence problem of the error system. Then, the inverse dynamic method is extended to obtain the

control law.

e=y() -y (®) u(t)

Nonlinear Tracking Error
| System ﬂ|74’| Error |74P| System C |7—>| Controller

y=7f(»y +Bu é+g,e+g,e=0
Tracking Feedback
Error Matrices
y'(® 91,92

Fig. 3. Control law design through the inverse dynamic method.

Regarding the dynamic equations in Eq. (1), it can be equivalently reformulated as

mr mwxab - . [dl dz]
meab Ia y= f(y'y) + d3 d4 u (19)
In Eq. (19), since the output variable y(t) inherently involves second-order forms, the constraint
vector e must be differentiated twice to establish an explicit dependence on y in the system
description. Consequently, the vector of inputs u(t) can be associated with the constraint function e,

and the relationship is formally expressed as

mr mwxab . wN . dl dZ]
myxeh Iy ](e+y)—f(y,y)+[d3 Mk (20)
The input vector u can be determined from Eq. (20) once other variables are specified. In addition, a
feedback term may be added instead of defining the second order derivative of constraint vector € to

be null. The feedback item consisting of constraint vector e and its differential é is defined as
11



é=—g.e—gse @2y

where g and g, are diagonal constant gain matrices, with their selection critically determining the

convergence rate of the error dynamics, and can be written as

91 = Diag{g11, 912, 91}
92 = Diag{9:1, 922, 91} (22)
(gli'gZi >0;i=12 ,l)
Under the proposed control law, the nonlinear system <A is transformed into the error system C, as

shown in Fig. 3, and can be written as
c:e+g,e+g,e=0 (23)

The convergence rate of the closed-loop system is directly determined by the designed error system
C, through the gain matrices g; and g,. At the same time, the system C has the same form as the

linear spring vibration system, whose form can be expressed by
X+ ké+ce=0 (24)

where k and c are the stiffness and damping coefficients, respectively.

The comparison between these two systems is shown in Fig. 4. Fig. 4 (a) illustrates the error system
C of a nonlinear 2-DOF wing system and Fig. 4 (b) shows one classical linear spring system. It is
clear that the error system C may be equivalent to multiple independent linear spring systems. The
gain matrices g, and g, represent the stiffness and damping of the system C. That is to say, the error
system C also converges exponentially. In the system C, the stiffness matrix g, stands for the natural
frequency of the undamped vibration. The speed of convergence mainly depends on the damping
matrix g;. In the 2-DOF wing flutter problem, the time domain response of two directions needs to
converge to a constant quickly. Therefore, the over damping condition is the best choice for this
problem, and is defined as follows:

I1i
foi =
‘2 92i

>1;,i=12-1 (25)

where &,; is the damping ratio of the error system, g,; and g,; are i’ elements in the gain matrices g,
and g,. In this condition, system state variables may quickly converge to the desired path. In addition,
(23) may be combined with (10) and (18) to obtain the desired inputs u(t) for this nonlinear system
A.

12



X

e
9> k
o i
1 b)

a)

Fig. 4. Comparison of the two systems, (a) error system; (b) linear spring system.

Similarly, the system A may be replaced with the 2-DOF wing system in (6). Before that, the 2-DOF
wing system state space may be rewritten as
B
i = A App(a) x + [ 11] u

E, 0, 0,
y=[0, Elx

(26)

where x and y have been defined in (5), E; € R?*? is the identity matrix, O; € R?*? is the zero

matrix, A;;, A1, and By, are respectively a part of the system matrices A and B in (7), and are

defined as
( [Tt —G
All - [_C3 _C4]
—ky —(kz + Cla1(“))
{A1;(a) = l 27
12 —ks _(k4 + Qaz(“)) @7)
_[d1 4
\Bll a [d3 d4]
Consider the matrix B, its determinant is given by:
d, d,
det(B{{) =
( 11) d3 d4 (28)

= 2p*U*b*s*(Ciy Cinp — CigCmy)/D

where parameter D (# 0) has been defined in (8). The signs of the aerodynamic force and moment

coefficients are related by:

{Sign(%) = sign(Cy ) (29)

sign(Clﬁ) = —sign(Cmﬁ)
Since the condition C;, Cppp — C3Chyy, = 0 is improbable under the sign relationships in Eq. (29), the
determinant of B; is non-zero. Therefore, the matrix B, is invertible, and the inverse dynamics

control law in Eq. (32) is well-defined.
Since the desired path y*(t) has been obtained in (17), it may be combined with the feedback item.

y=y"-9.0-5)-9.0-y) (30)
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where g, € R?*? and g, € R?*? are constant diagonal positive definite matrices. Substituting (30)

into (26), only the first two sets of equations are retained, viz

y'=Ay+Apy+Bjput+g (y—y)+

. 31
9:y -y Gl
Thus, the desired control vector u is solved as

u=Bii[(" + 915"+ 92y) — (g1 + A1)y - (32)

(g2 +412)y]

3.3 Closed-loop stability

Before proceeding with the stability analysis, the following assumptions are stated.
Assumption 1: The control effectiveness matrix By is invertible, as justified by the determinant
analysis from Eq. (27) to Eq. (29).

Assumption 2: The aerodynamic terms in A;; and the nonlinear stiffness functions q,q(a)
and q,,(a) in A;,(a) are smooth and bounded for all states within the considered flight envelope.
Assumption 3: The actuator does not saturate during nominal operation. The control input computed

from Eq. (32) is assumed to remain within the physical limits.
The 2-DOF wing system is a smooth nonlinear time-invariant system, satisfying the applicable
conditions of the second method of Lyapunov. In order to check stability of the closed-loop system

in (6), the Lyapunov candidate function is defined as
V) = 2 (x— )T o o ]e-x (33)
2 0 g

where x* = [y* y*]7 is the desired path of state variables, E; € R?*? is the identity matrix, g,and g,
are same in (30), V(:): R* - R is a smooth Lyapunov candidate function. Given the positive definite
diagonal matrices E; and g,, the quadratic form V (x) satisfies V(x) = 0 for all x, and V(x) =0

only if x = x*. The time derivative of the Lyapunov candidate function is as follows:
) E
OEICEEO U R [CEPS (34)
9>

To determine the sign of V(x), the control law (32) is first substituted into the system dynamics (26).
This substitution cancels the nonlinear stiffness terms g, (a) and q,,(a) in A;;(a) and the
quasi-steady aerodynamic terms in A;;. After simplification, the closed-loop error dynamics is as

follows:

14



G-y)+g9.00—-y)+g.(y—-y)=0 (35)

Substituting the error dynamics (35) into the Lyapunov derivative (34) gives

Vix) = (x —x)7 [_(é)h g] (x — x¥)
== -¥y)g9.0-y)

(36)

From Eq. (36), V(x) < 0 for all x. Since V(x) is positive definite and V (x) is negative semi-definite,
the closed-loop system is stable with respect to the reference trajectory x*(t) by the second method
of Lyapunov. To establish asymptotic convergence, LaSalle's invariance principle is invoked. Let
Q = {x|V(x) < V(x,)}be a level set containing the initial state. Because V(x) < 0, Q is positively
invariant. By LaSalle's principle, every trajectory starting in ) approaches the largest invariant
set I' contained in the set where V(x) = 0.

From Eq. (36), V(x) = 0 requires y = y*. Since y = y" on the invariant set, their time derivatives
also coincide, which means ¥ = y*. Substituting these two conditions into the linear error dynamics

(35), it gives

9:(y-y) =0 (37)
Since g, is positive definite, it follows that y = y*. Therefore, the largest invariant set is I' = {x*},
i.e., the desired equilibrium point. By LaSalle's principle, the tracking error converges asymptotically
to zero. The reference trajectory y* is designed via LQR method to converge to the equilibrium at
the terminal time. Combining the convergence of the tracking error with that of the reference
trajectory, the system states satisfy
iy (@)= jig () =0

lim $(£) = lim 3 (£) = 0 (38)

Therefore, the flutter of the 2-DOF wing system can be suppressed by the proposed inverse dynamic
method with a reference trajectory. The above stability analysis assumes that the actuator does not
saturate. If the required control input exceeds the actuator limits, the exact cancellation in Eq. (32) no
longer holds, and the tracking performance may degrade. It is also noted that the present study adopts
a quasi-steady aerodynamic model, which neglects unsteady effects, compressibility, and dynamic
stall. Under an unsteady formulation, the nominal cancellation would not be exact, which may
similarly affect the controllability of the system. A full investigation under unsteady aerodynamics is
beyond the present scope and is included in the future work directions. A simulation study is presented

in the next section to evaluate the control performance under practical conditions.
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4 Simulations and results

4.1 Linearized system simulation

For this problem, it is clear that the control scheme requires a reference trajectory. In this paper, the
nonlinear part of this 2-DOF wing system is the pitch stiffness k, in (2). The nonlinear system in (6)
may be linearized as presented for system <A in (12). The linear part of the initial system remains

unchanged and the new pitch stiffness of the linear system is written as

k,=1277N-m (39)

For this linearized system, the LQR method is used to obtain the output curves of the state variables.
The boundary condition of the reference trajectory is defined as x(0) = x, and x(T) = 0. The gain
matrices Q and R are assumed as

Q = Diag{q1, 42,93, 94}
{R 0 (40)

Considering the convergence rate of this model as well as the difficulty of controlling the plunge

direction in the system, the relation of the parameters is defined as follows
1 =q3=10>1=5>q,=q,=1 (41)

The flow velocity is selected as U = 12 m/s. This freestream velocity will lead to flutter of the
original open-loop nonlinear system, and the result is shown in Fig. 5 (a) and (b). The initial conditions

are defined with one positional disturbance and are chosen as
xo=[0m/s Orad/s 0.01m 0.1rad]” (42)

The fourth order Runge-Kutta method is used to solve the equation of the linearized system by
MATLAB. The desired output trajectory y*(t) is shown in Fig. 5. This response result may be taken

as the reference trajectory.
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Fig. 5. The desired output trajectory of the nonlinear system at U = 12 m/s; and the phase diagrams (in the brown box)

of the open-loop system simulations at U = 12 m/s, (a) h — h and (b) a — a.
4.2 Nonlinear system simulation

In this section, the same initial conditions as in (42) are used in simulations. From simulations, the
limit cycle oscillation (LCO) first appears at Uy = 9.8 m/s. In wind-tunnel experiments [45], the
LCO first occurs at ~13 m/s. Fig. 6 shows the phase diagrams of the open-loop system responses
and the wind-tunnel experiments when flow velocity U is 13.01 m/s. From Fig. 6, a discernible
discrepancy between the two responses may be attributed to multiple contributing factors, including
but not limited to modeling uncertainties, Coulomb friction effects, and the limitations of quasi-steady
aerodynamic theory. Notably, the quasi-steady aerodynamic formulation yields a conservative
estimate of the flutter onset speed. If controllability can be demonstrated under this more demanding
condition, the control strategy is likely to remain effective in the actual system, where flutter onset
occurs at a higher speed.

For the initial 2-DOF nonlinear wing system, the reference trajectory in Fig. 5 is combined with the
inverse dynamic method to suppress flutter. To ensure that the error system is overdamped, the
selection of g, and g, is constrained by the condition in (25). In addition, the selection of parameters
g1 and g, is not arbitrary due to the significant impact on system performance. One feasible set of
gain matrices is chosen as

{gl = Diag{15, 25}

g, = Diag{5, 5} (43)

In this case, the damping ratio ¢, , of the error system is much greater than 1. The initial conditions
keep unchanged and the freestream velocity is set as U = 12 m/s, greater than the system LCO
staring speed Uy = 9.8 m/s.

In practical engineering contexts, the control surfaces are fundamentally limited by physical saturation

constraints. Let ug = S(u) be the saturated input, where S(+) is the saturation function defined below.

umaX’ u > umax
S(u) = 1w lul < Umax (44)
“Umax U< —Umax
where U, denotes the maximum permissible deflection angle of the control surface.
In this case, a saturation limit of u,,x = 20 deg is imposed on the control surface deflections [47].

The reference trajectory is defined over the time interval [0,10] s with a constant time step of Ty =

0.01 s. In this situation, the inverse dynamic method is evaluated through simulations to suppress the
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LCOs, as shown in Fig. 7. Obviously, all the state variables converge to zero after a transitory
vibration within approximately 5 — 6 s with the deflection limitation of the control surface. To
provide a more intuitive measure of the control performance, the settling time Tyetq1e 1S defined as the
time required for all system output signals to settle within 1 % of their initial perturbation values [48].
Based on this definition, the Tsetyje for the case shown in Fig. 7 is calculated to be 3.58 s. To validate
the performance of the proposed approach, its results were evaluated alongside those of the control
strategy reported in [49], which also addresses flutter suppression of a 2-DOF wing system. For a fair
comparison, the same initial conditions and freestream velocity as in Fig. 7 were adopted. The control
law from [49], was implemented on the present wing model using the original gains from that study
(gref = 100, g5 = 10°). The resulting closed-loop responses of the plunge displacement, pitch
angle, and control surface deflections are presented in Fig. 8 (a)-(c), respectively. The proposed
control strategy therefore provides a considerably faster transient response, with a settling time of
3.58 s versus 9.46 s for the method in [49].

To quantitatively compare the control effort, the Integral of Squared Control Input (ISCI) is adopted.

For the two control surfaces, the ISCI is defined as

Tref

Jiser = f [B2(6) + 7 ()2]dt (45)
0

TTef = 20 s is the total simulation time shown in Fig. 8. The ISCI represents the accumulated control
energy and corresponds to the control-weighted term in the standard quadratic cost function. Under
the same saturation limit of 20 deg and without rate restrictions, the proposed method yields an ISCI
of 0.1415 rad? - s, compared with 1.0733 rad? - s for the benchmark in [49]. This indicates that
flutter suppression is achieved with lower overall actuator effort.

It should be noted that the feedback gain matrices are not uniquely determined. To examine the effect
of different gain selections, three additional sets of simulations were performed with various
combinations of g, and g, as presented in Fig. 9. Subfigures (a)-(c) correspond to g, = Diag{5, 5}
and g, = Diag{5,5}; subfigures (d)-(f) correspond to g, = Diag{5,5} and g, = Diag{15, 25};
and subfigures (g)-(i) correspond to g, = Diag{15,25} and g, = Diag{5,5}. As shown in Fig. 9, it
can be seen that raising g, provides a greater improvement in flutter suppression performance than
raising g,. This is reflected by both a smaller tracking error and a reduced tendency toward control
surface saturation.

To further assess the numerical performance of the proposed method, the influence of T on both the

control accuracy and the computational cost is examined. The simulation is repeated with several
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different time steps, namely 0.002 s, 0.005 s, 0.02 s, and 0.05 s. For each T, 50 independent closed-
loop simulations were conducted. Both the settling time Ter4 . and the mean computation time per
run Ty, were recorded. The results are summarized in TABLE III. As the time step increases from
0.002 s to 0.05 s, the mean computation time per run decreases substantially, from 1.4065s to
0.0964 s. In contrast, the settling time remains nearly unchanged across this range, varying by less
than 1 %. The effect of the time step on the mean computation time per run and the settling time is
illustrated in Fig. 10 (a) and Fig. 10 (b), respectively. This insensitivity of the settling time confirms
that the numerical solution is already well converged with respect to the time step. Therefore, it is
effective to suppress the flutter of a nonlinear aeroelastic system using the inverse dynamic method.

Evidently, relying solely on a single initial state point alone is insufficient. The admissible control
domain of the system is further investigated under control surface saturation and rate constraints. The

admissible control domain of this nonlinear system is computed subject to the following constraints:

0. < upmax = 20de
{I cl a g (46)

|6.| < 10,20,30,40,80 deg/s

where |6,| and |SC| denote deflection angle and maximum deflection rate, respectively.

The simulation results characterizing the admissible control domain are illustrated in the Fig. 11
below. Fig. 11 illustrates the admissible control domain of the nonlinear system under constraints of
|6.] < 20 deg and varying maximum deflection rates. In Fig. 11, the initial condition in Eq. (42) is
annotated with a four-pointed star marker in the figure. The admissible control domain of this
nonlinear system progressively expands with increasing deflection rate |SC | When the deflection rate
limit of the control surface is increased from 10 to 40 deg/s, the marked point becomes fully
controllable within the admissible domain. Therefore, under the initial condition in Eq. (42), the
maximum allowable deflection rate must be at least 40 deg/s to guarantee system controllability.

In the LQR cost function, the relative weighting between the state weighting matrix Q and the control
weighting matrix R determines the trade-off between the state convergence rate and the required
control effort. The gain matrices are chosen as g, = Diag{15,25} and g, = Diag{5,5}. In this
problem, the LQR weighting parameter r; is systematically adjusted to generate a set of distinct
reference trajectories. The flutter suppression performance is subsequently evaluated under the initial
condition in Eq. (42), subject to a maximum control surface deflection of 15 deg and a maximum
deflection rate of 100 deg/s. Fig. 12 presents the closed-loop responses for 3 different reference
trajectories under the initial condition in Eq. (42) for the flow velocity U = 12 m/s. Fig. 12 (a), (b)

and (c) illustrate the simulation results obtained by adopting the identically zero trajectory. For
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subfigures (d)-(f) and (g)-(i), the reference trajectory is generated via LQR with r; = 5 and r; = 76,
respectively. The three selected reference trajectories are listed in TABLE IV. The settling times

Tsettie for the three cases are given by

Tsetter = 3.88's
Tsettiez = 4.21s (47)
Tsetties = 1.08's

As shown in Fig. 12, the reference trajectory has a significant influence on the settling time of flutter
suppression. The parameter r; is then varied over a wider range to investigate its effect on the flutter
suppression settling time. Fig. 13 shows the variation of the settling time with respect to r;, where a
clear nonlinear relationship is observed. With the settling time adopted as the selection criterion,
favorable performance is achieved for values of r; in the range of 20 to 200. Within this interval, the

settling times are consistently shorter than that obtained with the zero trajectory.

TABLE III Average computation time per run and settling time under different time steps.

Ts(s) Tper(s) Tsettie ()
0.002 1.4065 3.5840
0.005 0.3758 3.5800
0.01 0.1992 3.5800
0.02 0.1322 3.5600
0.05 0.0964 3.5500

TABLE IV Design of different reference trajectories

Case Trajectory Q R
1 Zero trajectory / /
2 Trajectory from LQR Diag{10,1,10,1} 5
3 Trajectory from LQR Diag{10,1,10,1} 76

Although the control surface deflection rate 8. may affect the controllability region boundaries, in the

subsequent simulations, this study prioritizes the impact of control surface saturation constraints |§,]|.

20



Op;nrloop simulition
eveere Wind-tunnel experiments in Ref. [30] 300
0.15
200
0.1
0.05 100
= =
= <
-0.05 100
0.1
200
0.15
300
-0.2
001 0005 0 0005 001 20 -10 0 10 20
a) h(m) b) a(deg)

Fig. 6. Phase diagrams of the open-loop system simulations and the wind-tunnel experiments at U = 13.01 m/s, (a) h —

h;(b)a—cqa.
0.012 0.12
——Real track ——Real track
0.01 n Reference track A - eference track
i

0.008 |||
= |t
£ 0.006
=

0.004

0.002
0 6 8
6 8 10
a) 1(s) 1(s)
30
[ ILimitation area
20 ——TE deflection 3
R === LE deflection
[NV
2 10N
5} ] ...
5 ii Tt -
g °u
=10
20
30
0 2 4 6 8 10
) 1(s)

Fig. 7. Closed-loop responses with limited LE and TE control deflection at U = 12 m/s, (a) h ; (b) @ ; and (c) 8,y

— o
(umax =20 )
0.12 30
0.01 [ ILimitation area
—TE deflection 5~
0.08 ===="LE deflection ~y
0.005
o 2
fe k)
£ £ 004 & o=
= 0 3 =
=
-0.005 0
20.01 0.04 30
a) 0 4 8 12 16 20 b) 0 4 8 12 16 20 c) 0 4 8 12 16 20
1(s) 1(s) 1(s)

Fig. 8. Simulation results obtained by applying the control law reported in [49] to the present system at U = 12 m/s
(with gr*f = 100, g5¢f = 108 from [49]), (a) h; (b) @ ; and (c) B, (Umax = 20°).

21



0.12
0.01 \ Real track 0.08 Real track 20 [ ILimitation area | |
\ —-=—-'Reference track . = = ‘Reference track — ii —TE deflection 3
0.005 -~ Error _0.04 Error 8 ii ===="LE deflection
g, 3 5
= = 5}
E )
-0.005 S
0.01 ¥
0 2 4 6 8 10 2 4 6 8 0 2 4 6 8 10
a) «(s) b) 1(s) ) (s)
0.12
0.01 \ Real track 0.08 Real track 20 [ Limitation area | |
\ —-==Reference track : = = 'Reference track — i ——TE deflection 3
0.005 i 8 .“. —-=-'LE deflection
—_ = 1
g 50 it
= 0 "8 0 i =
—~ ! ‘-,f
-0.005 S !
20 M
-0.01
-0.12
0 2 4 6 8 10 2 4 6 8 0 2 4 6 8 10
d) «(s) e) 1(s) f) (s)
0.12
0.01 1 ~———Real track 0.08 ~——Real track 20 [ Limitation area | |
\ Reference track : = = 'Reference track | | _ HIES — TE deflection 3
0.005 Error 9 i,,’ . |77~ LE deflection vy
I B oM e
= 3 v
N
-0.005 £ F S
: -0.08 -20
-0.01
-0.12
0 2 4 6 8 10 2 4 6 8 10 0 2 4 6 8 10
g) 1(s) h) 1(s) i) i(s)

Fig. 9. Closed-loop responses for different gain matrices at U = 12 m/s, subfigures (a), (d), (g) h ; (b), (e), (h) a ; and
(©), (0, () B, (Umax = 20°).

15 36
2
=12 3.58
2
5 o
g z
509 356
2 £
z 2 ’
506 354
= 3
! 3
o
g 0.3 3.52
3
-1
0 35
a) 0 0.01 0.02 0.03 0.04 0.05 b) "o 0.01 0.02 0.03 0.04 0.05
Time step (s) Time step (s)

Fig. 10. Effect of time step on average computation time per run (a) and settling time (b).

80 deg/s [ ] |6.| <30 deg/s [0 |4.| < 10 deg/s

el =
18] <40 deg/s [ ]18,| < 20 deg/s

0.2 T

0.15 1

0.1F

0.05 1

« (rad)

0
h(m)

-0.
-0.04 -0.03 -0.02 -0.01 0.01  0.02 0.03 0.04

Fig. 11. Controllable region of the nonlinear system under |§.| < 20° and variable deflection rate constraints.

22



15
2 Real track
! —-==Reference track
9 ~
— <
E s g
= 3
3
0
-3
0 2 4 6 8 10
a) 1(s)
3
15 X 10
2 Real track
1 ’{ —-=—=:Reference track
1
M -
E 6|t E
= 3
d 0
) 1(s)
Real track
—-—-Reference track
—_ )
£ g
= 3
’ 4 6 8 10

0.12

Real track
0.08 = = ‘Reference track
0.04

0 - -
-0.04
2 4 6 8 10

b) 1(s)
0.12

Real track
0.08 — = Reference track

-0.04
e) 0 2 4 6 8 10
i(s)
0.12
Real track
0.08 — = 'Reference track
0.04 1
\
0
-0.04
0 2 4 6 8 10
h)

1(s)

u(degree)

u(degree)

u(degree)

. Limitation area |{
15 7
100k ——TE deflection 3
.-II.'l ===="LE deflection ~y
S il
0 l!!l
-5
10
-15
0 2 4 6 8
C) 1(s)
Limitation area |{
15

——TE deflection 3
===="LE deflection

S~ee

1(s)

Limitation area

—TE deflection 3
===="LE deflection

i(s)

Fig. 12. Closed-loop responses for different reference trajectories at U = 12 m/s, subfigures (a), (d), (g) h ; (b), (e), (h)

a ;and (¢), (f), () B,y (16c] < 157,

8

8| <100°/s).

====Stabilizing path tracking
Direct regulation to zero

6 ‘r"' 4
@ rem wes, “’“' "‘l
S 4k by - .
¥ : i LS w
& *F" "i B,-"m#’ 1 Ww ﬁ""
2t i1 | !
0 ‘ . . ‘ . .
107! 10° 10 102 10° 10 10° 10°
R

Fig. 13. Settling time for flutter suppression under different values of r;

4.3 Comparative simulation of nonlinear stiffnesses

In the dynamic model of the real wing model, there exist various complex nonlinear forms [10], such

as cubic nonlinearity, freeplay nonlinearity and coulomb nonlinearity. Thus, this section considers

three different kinds of nonlinear pitch stiffness: quadratic, freeplay and piecewise constant stiffness.

Fig. 14 shows the relation between stiffness k, and pitch angle, which are expressed by
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a1 =12.77 + 53.47a + 10032 N'm
« _(50N-m |a|>0.05rad
az {0 N-m |a| <0.05rad (48)
. _ (36 N'm |al > 0.05rad
{10 N-m |a| < 0.05rad

a3 —

where the k4, k,, and k4 are quadratic, freeplay and piecewise constant pitch stiffness.
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Fig. 14. Three nonlinear pitch stiffness k, — a curves.
In this section, the parameters of the Q@ and R matrices are selected with reference to Eq. (41). The
feedback matrices are setas g, = Diag{15,15} and g, = Diag{5, 5}. For the same initial conditions
as in Eq. (42), Fig. 15 shows the closed-loop system time response in plunge, pitch, LE, and TE
deflection. It can be seen that the responses in plunging, pitching all decay to 0 within 6 s. In order to
show the feasibility for different control situation, three stiffness models have been applied. They are
quadratic stiffness, freeplay stiffness and piecewise constant stiffness, respectively. The settling times

Tsetrie for the three different pitch stiffness model are given by

TA . =3.78s
T¥ . =3.94s (49)
T® . = 3.86s

The settling times of the three models are all within 4 s. Although the free-play stiffness model is
more challenging to control, all three are effectively stabilised by the inverse dynamic method and
satisfy the flutter suppression requirement. These results confirm the capability of the inverse dynamic
method in handling aeroelastic instability for 2-DOF wing systems with three different pitch stiffness.

This method may also be extended to other nonlinear stiffness models.
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5 Model parameter uncertainty analysis

5.1 Uncertainty parameter selection and distribution characterization

The flutter problems in this aeroelastic system are challenging to quantitatively describe due to the
uncertain parameters. These uncertainties have complex effects on the dynamics of the system. In this
paper, the Monte Carlo method [50] is combined with numerical simulations to solve this problem.
The effect of parameter uncertainty on the wing flutter velocity and the controllable boundary problem
of the system have been further studied for the quadratic pitch stiffness model.

To simplify the uncertainty problem, it is assumed that some of the geometrical parameters, material
properties and other parameters in the model obey a Gaussian distribution [12]. The initial value C,,

of coefficients of variation C, = [C,q, -, C»1,]" is tabulated in TABLE V [51], which is defined as

0y .
Cpi =% 100% (i = 1,2-+-12)

™ (50)

where p; denotes the system parameters listed in TABLE V: ¢, ¢, kg, ki, Xo, my, mr, I, a, b, s,
and p. Parameter C,;, 0, and u,,; denote the coefficient of variation, standard deviation and mean
value of parameter p;, respectively. These parameters were selected because they represent
independent physical quantities that can be directly measured or controlled during manufacturing,

such as masses, dimensions, and stiffness coefficients. Most other aeroelastic parameters in the model

are derived or normalized from these independent variables. Treating these fundamental quantities as
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the primary uncertainty sources captures variability at its origin and avoids introducing artificial
correlations among parameters.

The coefficient of variation is closely related to the standard deviation and describe the extent of
dispersion of a particular parameter. In general, a higher coefficient of variation corresponds to a
higher degree of dispersion of the system data. The mean values and coefficients of variation of some
of the parameters in the model are shown in TABLE V. Prior to system-wide uncertainty analysis, the
effects of individual parameters on flutter velocity may be evaluated to quantify their sensitivity
impacts. Simulations were conducted using the linear sampling method. For this nonlinear system,

the regression-based sensitivity factors C; = [Cyq,*+, Cs12]" are defined as follows:

U Lo O,
C, = Py P12) X 100% (i = 1,2---12) (51
‘ op; Oy,

where U, = U.(py,**,p12) denotes the closed-loop flutter speed of the 2-DOF wing system,
depending critically on 12 system parameters p; — p1,.

The computational results of parameter sensitivity are presented in TABLE V and Fig. 16. The
computational results demonstrate that increasing plunge stiffness kj, wingspan s, semi-chord b, and
air density p reduces the closed-loop flutter speed of the system, thereby elevating the risk of flutter
failure. Conversely, increasing pitching stiffness k,, total mass mr, and non-dimensional distance a
elevates the closed-loop flutter speed, thereby enhancing system stability. The aforementioned
sensitivity analyses may provide a guidance for wing design optimization, especially for parameters
demonstrating strong coupling effects on flutter characteristics. It should be noted that, however, local
sensitivity analysis quantifies parametric sensitivity to small variations around mean values. If the

parameter variations are substantial, a global sensitivity analysis may be conducted.
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Fig. 16. Probabilistic sensitivity factors for 2-DOF wing section with nonlinear stiffness.

To investigate the effects of parameter uncertainties, closed-loop flutter velocity was computed
via 1 X 10* random samples with stochastic uncertainties. Under simple random sampling, the

sampled parameters p; to p;, follow Gaussian distributions. The sample standard deviation
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o;(i =1,2---12) is given by g; = y;C,; , where the mean value y; is shown in TABLE V. The initial
state variables and the state feedback coefficients of the system are the same as in Fig. 7. Counting
the number of the flutter in different freestream velocities, Fig. 17 (a) presents the histograms of the
distributions of the flutter onset speed under C,, = C,. The distribution of the flutter onset velocity is
similar to the normal distribution. To ensure the stability of the closed-loop system, the flutter onset
speed U, is defined as the controllable boundary at which the cumulative distribution function (CDF)
curve reaches 0.1%. That is, when the freestream velocity is below this boundary, at least 9990 out
of the 10000 Monte Carlo samples remain controllable. It should be noted that this boundary reflects
a statistical screening result under finite-sample conditions and does not represent a deterministic
safety limit. This threshold is a design choice rather than a universal criterion, and a more stringent
value can be adopted for applications requiring higher reliability. At this freestream velocity U,,, the
flutter phenomenon occurs in only 0.1% of the 1 X 10* random samples. Thus, it is reliable to define
U., as the flutter controllable boundary of the closed-loop system. The predicted controllable
boundary of the system with uncertain parameters is shown in Fig. 17 (b). The controllable boundaries
at C, = C, is chosen as:

U., = 43.1m/s (CDF = 0.1%; C, = ¢,) (52)

TABLE V Uncertainty parameters of the 2-DOF wing section model

14 u G, Cs
Cq 0.0360 kg - m?/s 5% 0.23%
Ch 27.43 kg/s 5% 1.17%
K, k. (@) 4% 18.34%
K, 2844 N/m 3% ~8.35%
Xq 0.5721 2% ~1.93%
my 5.230 kg 0.2% —-1.90%
my 15.57 kg 0.2% 9.05%
I, 0.1419 kg - m? 4% —5.89%
a —-0.6719 1% 5.02%
b 0.1905 m 0.2% —23.26%
s 0.5945 m 0.2% —12.40%
p 1.225 kg/m?3 1.5% —12.46%
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5.2 Effect of coefficient of variation on controllable boundary

In order to study the effect of C,, on the controllable boundary, the coefficient of variation is changed
to 0, 0.5C, and 1.5C,, respectively. The statistical results are presented in Fig. 18. When C,

decreases from C; to 0, the closed flutter velocity can be written as
Uo=475m/s (C, =0) (53)

In addition, the controllable boundaries at C,, = 0.5C, and C,, = 1.5C, are expressed by

{Ucl =45.2m/s (CDF = 0.1%; C, = 0.5¢,) 54
Uy = 41.2m/s (CDF = 0.1%; C, = 1.5¢,) (54)
It is clear that the different speeds satisfy the following size relationship.

UCO > UC1 > UCZ > UC3 > UO = 9.8 m/S (55)

where the U, = 9.8 m/s is the open-loop flutter velocity of the nonlinear system.

The comparison shows that decreasing C,, can increase the controllable boundaries of the closed-loop
system and vice versa. The critical flutter speed of the closed-loop system is increased by a factor of
4.20 — 4.61 compared to the open-loop. For the parameter uncertainty problem of this quadratic
nonlinear stiffness system, the controllable boundaries under different C,, are calculated by Monte
Carlo method. These results confirm that the proposed control strategy maintains its efficacy in
suppressing flutter for the 2-DOF wing system, even when subject to parameter uncertainties. In

addition, we can also define a safe flight envelope, ensuring flutter avoidance with 99.9% probability.
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Fig. 18. The CDF of flutter occurrences and predicted controllable boundaries at different C,, (a5 = 20°).
6 Gust alleviation

6.1 Modeling approach

The aeroelastic dynamic model with gust interference may consist of structure dynamic model and
aerodynamic model. In this work, the former is a 2-DOF wing model with LE and TE control surfaces,
as in Eq. (1). The latter needs to add gust loads on the basis of quasi-steady aerodynamic force and
torque. In this problem, only the vertical gusts are considered for interference due to its effect on the
effective angle of attack (AOA) of the wing system. The modelling approach of the aeroelastic model
with gust interference is shown in Fig. 19. The inverse dynamic method may also be used for load

alleviation in response to gust interference.
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Fig. 19. The modeling approach of aeroelastic dynamic model with gust interference.

6.2 Gust velocity model and updating aeroelastic dynamic model

As for vertical gusts, the discrete gust model is a classically common form of the engineering gust
disturbance [52]. It can be used to characterize discrete wind shear, peaks in atmospheric turbulence,

and terrain-induced flows, among others. In gust experiments and simulations, only considering the

vertical gust, the 1 — cosine uniform gust [53] is commonly used and can be expressed by
Wy

1 Ut
W1 =12 cos L,

0,t<0&t>T

<t<
,0<t<T (56)

Another common type of model is the continuous gust model, which is a power spectrum model
obtained through theoretical and experimental studies of atmospheric turbulence phenomena. In this
paper, the von Karman continuous gust model is used [53], which is more reflective of the turbulence
characteristics of the atmosphere than the Dryden model [54]. According to the military specification

[55], the power spectral density function is written as
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Eq. (57) can be transformed to the time domain. As the power spectral density function is given, the
generation of time-domain gust signals may be achieved via the superposition of sinusoidal functions

56]. The spatial domain turbulent velocity components can be expressed as
[ p y comp p
Wg2 (xg) = Z A; sin(.Qixg + Hl-) (58)
i

where A; is amplitudes of the i” sine function of the Wy, functions, with magnitude governed by the
power spectral density function. £2; and 6; represent the spatial circular frequency and the random
phase angle, respectively. x,; denotes the spatial variable, transformed into the time domain through
the relation x; = Ut. Gust velocities in the spatial domain Wgz(xg) can be converted to the time
domain wg,(t) via the same relation x, = Ut. Considering the effects of vertical gusts, Fig. 20

illustrates the updated aeroelastic dynamic model.

K Center of mass

h

Fig. 20. 2-DOF wing model with gust interference.
Assuming that the vertical gust wind velocity is much less than the freestream velocity, (3) may be

rewritten as

L = pU?bsCy, [aw + (h/U) + G — a) b(o'z/U)]
+pU?bsCigB + pU?bsCry

lM = PUb2SCong-ett | + (R/U) + (3 — @) b(a/V)] &)

2
+pU2b25CmB—effﬁ + pUZbZSCmy—effy

where L,, and M,, are the quasi-steady aerodynamic force and moment when the gust exists, and «,,

is the effective AOA, which is defined as

Wy
aW=a+Aa=a+7 (60)
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The gust disturbance induces an effective AOA variation A, which is superimposed on the nominal
pitch angle a. This perturbation modifies the flow field, inducing transient lift fluctuations AL and
pitching moments AM through altered pressure distribution on lifting surfaces. Eq. (3) may be

replaced with (59) to obtain the new state space equation, and it is expressed by

X = Ax + Bu + Gw,
{ (61)
y=Cx
where G is the gust input matrix, given by
- (pUbSClaIa + meapUb3SCma—eff)/D
G = | (MmwxepUb?sCi + mppUb?sCpg_egs) /D (62)
0
0

6.3 Gust alleviation by the inverse dynamic method

Similar to the flutter suppression control law design, the 2-DOF wing system state space may be

rewritten as

. [A11 A12] [311] G1]

X = E, o0, x+ 0, u+ 0, Wy (63)
where the matrices E;, 04, 4,1, A1, and B, are defined in (26). G is one part of gust input matrix,
and is defined as

— (pUbsCialy + MyXqpUb3sCrg_efr) /D

G, =
! (mwxapUbZSCla + mTpUbZSCma—eff)/D

(64)

The controller used in the gust alleviation analysis is identical to that developed for flutter suppression
in Eq. (32). The gust is treated as an external random disturbance, and the controller structure remains
unchanged. In this section, four different gust input conditions are considered to verify the gust
alleviation effect of the inverse dynamic method. These four conditions are given in TABLE VI. For
this 2-DOF wing model, the open-loop flutter velocity is U, = 9.8 m/s. Thus, we select two
velocities before and after the flutter to ensure the rigor of the simulation(U; = 9m/s < Uy, < U, =

12 m/s). The amplitude and the scale of the discrete gust are chosen as W, = 0.15U; (j = 1,2) and

L

g = 10 m. These gust parameters are selected as illustrative values to demonstrate the feasibility of

the proposed framework. They do not represent a specific flight condition or airworthiness
requirement, and other parameter values can be accommodated without modifying the control

structure. The time domain responses of the closed-loop system, subjected to gust disturbance, are
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shown from Fig. 21 to Fig. 24. The assessment of the inverse dynamic method to alleviate the gust is

described by gust alleviation rate 1, which is defined as

T —T,
n= open closed % 100% (65)
ropen

where the 7., and 15¢q are the root mean square (RMS) of state variable acceleration under open-
loop and closed-loop conditions, respectively.

The alleviation efficacy of the control scheme acting on the RMS of acceleration is shown in TABLE
VII. For condition 1, the inverse dynamic method has poor alleviation effect. However, compared to
conditions 2 to 4, the RMS values in condition 1 are minimal and may not be affected on the motion
smoothness of the 2-DOF wing system. Under this condition, the inverse dynamic method fails to
effectively reduce the RMS of state variable acceleration. For conditions from 2 to 4, the control
strategy has high efficiency with gust disturbance, achieving the alleviation rate of 75.59% —
95.68% compared to the open-loop. When the freestream velocity is greater than the open-loop flutter
velocity, the acceleration responses in both discrete and continuous gust model decays to within 5%
of the peak value within 3 seconds. Overall, the system acceleration responses under gust disturbances
can be confined within a small range using the inverse dynamic method, demonstrating the potential

of this approach for gust-induced acceleration alleviation.

TABLE VI Four different gust input cases of the 2-DOF wing section model

Condition Freestream velocity Gust model
1 U, =9m/s Discrete
2 U =9m/s Continuous
3 U,=12m/s Discrete
4 U,=12m/s Continuous

TABLE VII The gust alleviation efficacy of the control scheme of the 2-DOF wing section model

- RMS of plunge acceleration (m/s?) RMS of pitch acceleration(rad/s?)
Condition Nr (%) Nq (%)
Open Closed Open Closed
1 0.0416 0.0162 61.01 0.5844 0.4088 30.05
2 0.3574 0.0575 83.90 5.5229 1.3480 75.59
3 0.9275 0.0578 93.77 30.9762 1.3393 95.68
4 1.2338 0.1049 91.50 41.3405 2.2062 94.66
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Fig. 24. Closed-loop responses with gust in condition 4, (a) h; (b) & ; (¢) 8, (Umax = 20°) ; and (d) wy.

7 Conclusions

This paper has introduced the concept of using the inverse dynamic method to suppress the flutter of

a 2-DOF wing system with nonlinear pitch stiffness. The method is based on three main features:
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explicit construction of a reference trajectory via linearization around the equilibrium and LQR
method, direct cancellation of the nonlinear stiffness and quasi-steady aerodynamic terms through the
inverse dynamics control law, and separate treatment of the nominal nonlinearity and parameter
uncertainty.

The study begins by examining the open-loop flutter characteristics of this system and validating the
model compared to previous experiments. The inverse dynamic method is then applied to control a 2-
DOF wing section with nonlinear pitch stiffness in simulation. Under the stated assumptions, the
tracking error is shown to converge asymptotically to zero via Lyapunov stability theory and LaSalle's
invariance principle. When control surface saturation and rate constraints are present, the
aerodynamic forces and moments generated may be insufficient to perfectly track the reference
trajectory. Although this precludes global stability, the proposed strategy still ensures a considerable
controllable region.

A parametric sensitivity analysis is also conducted to identify the parameters that most strongly
influence the closed-loop flutter speed. In addition, to address uncertainties in the 2-DOF wing
system, the Monte Carlo method is combined with numerical simulations to predict controllable
boundaries. The effect of the coefficient of variation on the controllable boundary is also examined.
Furthermore, a control strategy is implemented for gust disturbance, and the system acceleration
responses are reduced to a small range. These results demonstrate that the proposed trajectory-based
inverse dynamics framework is a viable approach for flutter suppression of a 2-DOF wing section
with nonlinear pitch stiffness.

Future work should proceed in several directions. First, the quasi-steady aerodynamic model adopted
in this study could be extended to incorporate unsteady aerodynamic effects, compressibility
corrections, and dynamic stall models. This would allow a more accurate assessment of the control
performance under conditions closer to practical flight. Second, the uncertainty quantification
framework could be extended toward global sensitivity analysis and more rigorous robustness
treatments. The inclusion of sensor noise, state estimation errors, and control loop time delay would
further bridge the gap between the current numerical validation and practical implementation. Third,
the RMS-based gust alleviation evaluation could be strengthened by incorporating additional metrics
such as structural load alleviation rates and control energy consumption. The specific gust condition
for which limited alleviation is observed also warrants further investigation. Finally, extending the
proposed control strategy to three-dimensional wing configurations would allow spanwise
aerodynamic effects to be considered and enable a more realistic assessment of its applicability to

aircraft structures.
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