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ABSTRACT 24 
 25 

Dynamic excitation enables rapid state switching of bistable beams under small forcing amplitudes, yet a 26 

controllable switching strategy relies on accurate prediction of beam dynamics. The Galerkin method offers 27 

a reliable and efficient approach, but the choice of trial functions varies across studies, leaving the optimal 28 

selection for both efficiency and accuracy unresolved. This paper investigates three most commonly used 29 

modal sets for a bistable curved beam: straight-beam buckling modes, straight-beam vibration modes, and 30 

curved-beam vibration modes. Substituting these trial functions into the governing equation with increasing 31 

truncation orders, we numerically compute and compare the dynamic response patterns. One-mode and 32 

two-mode truncations yield similar patterns across the three sets but fail to fully capture the primary 33 
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resonance and main harmonic regions. The three-mode truncation, however, reveals significant 34 

discrepancies in the subharmonic inter-well region between the buckling modes and the two vibration 35 

modes. These discrepancies arise from the axial force effects included in the buckling problem but neglected 36 

in the vibration problems, a mechanism substantiated by an axial-to-bending energy ratio analysis. This 37 

indicates faster convergence of the buckling modes, which is confirmed by the five-mode results, where all 38 

predictions converge and agree qualitatively with the three-mode buckling predictions. Finite element 39 

simulations and a parametric study further validate these findings. The study demonstrates that the buckling 40 

modes exhibit superior convergence and that a five-mode truncation is generally required to capture the full 41 

dynamics, providing a clear and reasoned basis for selecting trial functions and truncation order for bistable 42 

curved beams. 43 

 44 

Keywords: Galerkin method, bistable curved beam, buckling mode shapes, vibration mode shapes, nonlinear 45 

dynamics, convergence 46 

 47 

1. Introduction 48 
 49 

Bistable structures, characterized by two distinct stable equilibrium states, offer a 50 

compelling paradigm for reconciling the inherent trade-off between large deformability 51 

and low static power consumption [1,2]. Unlike conventional linear systems, they require 52 

no persistent external energy to maintain either configuration [3]. This unique attribute 53 

has spurred their extensive adoption in advanced applications ranging from 54 

reconfigurable metamaterials [4,5] and shape-morphing actuators [3,6], to 55 

microelectromechanical systems (MEMS) [7] and broadband energy harvesters [8,9]. 56 

Among the diverse forms of bistable structures, the bistable beam stands out as 57 

the most fundamental one-dimensional element. Owing to its structural simplicity and 58 
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well-defined mechanics [10,11], it serves as an ideal platform for revealing the nonlinear 59 

dynamic behaviors inherent to bistable structures. Bistable beams generally fall into two 60 

categories: buckled beams and pre-shaped curved beams. A buckled beam is typically 61 

realized by applying axial compression to an initially straight beam, leading to elastic 62 

buckling that produces two laterally symmetric stable equilibria [12,13]. In contrast, the 63 

pre-shaped curved beam derives its bistability from an initial geometric curvature, thus 64 

eliminating the need for external prestressing. This not only simplifies both fabrication 65 

and assembly, but also facilitates micro-scale integration [14,15]. As a result, the curved 66 

beam has attracted considerable research attention in recent years. For instance, Ueno 67 

et al. [16] integrated bistable curved beams into a frequency conversion interposer for a 68 

MEMS vibration energy harvester to enhance power generation efficiency. By tuning the 69 

geometric parameters of the curved beam, the threshold acceleration required to trigger 70 

snap-through can be adjusted, enabling the system to respond effectively to various 71 

ambient vibration frequencies. The output energy can be increased up to 1.69 times, 72 

demonstrating the effectiveness of this approach in energy harvesting. Huang et al. [17] 73 

proposed a single-actuator bistable microdevice. By pushing different rods to apply 74 

moments for state transitions, the device can remain in either stable state without any 75 

latching mechanism. Experiments demonstrated reliable switching at a maximum rate of 76 

approximately 40 Hz with an actuation voltage of 10 V. Zhang et al. [18] combined two 77 

curved beams in parallel to form a unit cell for a metastructure. By leveraging the 78 

bistability of the curved beams and tuning the geometric parameters, the unit cell can 79 
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achieve either translational or rotational stable states. This provides a promising strategy 80 

for designing adaptive structures capable of large rotations and translations. 81 

To achieve controllable switching between the two stable states, classical 82 

methods mainly rely on quasi-static loading [19]. However, this approach often suffers 83 

from a large critical switching force and slow response [20]. Recent research has therefore 84 

turned to dynamic excitation strategies [21,22]. Bonthron and Tubaldi [23] applied the 85 

Galerkin method to investigate the frequency response and steady-state behavior of both 86 

hinged-hinged shallow buckled beams and curved beams under harmonic lateral 87 

excitation. Their results, particularly when truncating to the third mode, revealed that 88 

inter-well motion can occur even under relatively small forcing amplitudes near the first 89 

natural frequency of the linearized system around equilibria. This implies that, by applying 90 

harmonic or other time-varying excitations and leveraging the inertial and resonance 91 

properties of bistable systems to induce dynamic instability, the required excitation 92 

amplitude for snap-through can be significantly reduced [20,24]. Consequently, swift and 93 

efficient state switching becomes feasible, laying a theoretical foundation for high-94 

performance smart actuation systems. 95 

The realization of dynamic excitation strategies, however, hinges on the accurate 96 

prediction of bistable system dynamics. The Galerkin method, as one of the classical and 97 

efficient approaches for solving distributed-parameter system dynamics [25], offers a 98 

practical route toward this goal. As a prominent member of the weighted residual 99 

methods, it typically adopts identical trial and test functions to reduce the governing 100 

partial differential equations to a finite set of ordinary differential equations. To ensure 101 
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convergence under high-order truncation, the trial functions need to be selected from a 102 

complete set of orthogonal functions [26]. Yet, the question of how to choose trial 103 

functions that simultaneously achieve rapid convergence and maintain high accuracy in 104 

practical problems remains open. Classically, trial functions are chosen as the 105 

eigenfunctions of the linearized system, as this enables convenient equation decoupling 106 

and substantially simplifies the computation. In the context of curved beam dynamics, 107 

the eigenfunctions are typically the vibration mode shapes of either a straight beam or 108 

the curved beam itself [27]. Xiao et al. [28,29] adopted curved-beam vibration modes as 109 

trial functions in the Galerkin reduction of the dynamic equation for MEMS arch beams. 110 

By studying the reduced equations truncated to the first order, they investigated the 111 

synchronization time and the dual-jump property of the beam, respectively. Ouakad and 112 

Younis [30] examined the convergence behavior of these two sets of vibration modes by 113 

evaluating the static displacement of MEMS curved beam structures. Their results 114 

showed negligible discrepancy between the two sets at the fifth truncation order, where 115 

both had already converged, yet the straight-beam vibration modes incurred a much 116 

lower computational cost. This finding subsequently motivated the adoption of straight-117 

beam vibration modes in their later work [31,32]. Apart from vibration modes, some 118 

researchers have instead adopted the buckling modes of a straight beam to reduce the 119 

dynamic equations of bistable beams, a choice particularly well-studied for capturing 120 

their force-displacement relationships and snap-through characteristics [33-35]. Hasan et 121 

al. [20], for example, employed the buckling modes as trial functions in a Galerkin 122 

discretization of the buckled beam’s dynamical equation. By truncating to the first mode 123 
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and solving the resulting system numerically, they revealed how a static bias force 124 

reshapes the parameter region of dynamic excitation for switching behaviors, thereby 125 

controlling the reliable operating space. Wu et al. [36] adopted the first buckling mode 126 

within the Galerkin framework to systematically explore how gravity and initial curvature 127 

affect the symmetry-breaking dynamic behavior of the curved beam, with both numerical 128 

and analytical predictions validated through experiments. This divergence in practice 129 

once again raises a key question: which set of trial functions can deliver both fast 130 

convergence and accurate dynamic predictions under low-order truncation for a bistable 131 

system? For bistable curved beams specifically, the question thus boils down to a 132 

systematic comparison among three candidate sets of trial functions: the straight-beam 133 

vibration mode shapes, the curved-beam vibration mode shapes, and the straight-beam 134 

buckling mode shapes. 135 

Moreover, the truncation order in the Galerkin method significantly influences the 136 

accuracy of the predicted beam dynamics. For pinned-pinned bistable beams, Bonthron 137 

and Tubaldi [23] numerically computed the steady-state response using single-mode and 138 

three-mode Galerkin truncations, respectively. The significant discrepancies between 139 

these results clearly demonstrate the necessity of higher-order truncations to fully 140 

capture the dynamic behavior. Librandi et al. [37] expanded the lateral displacement of 141 

pinned-pinned bistable beams using sine-series modes to study their snap-through 142 

properties, and found that the numerical results converged after the third-mode 143 

truncation, which was subsequently validated by experimental measurements. For 144 

clamped-clamped beams, however, the convergence requirements can differ. Ouakad 145 
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and Younis [30] demonstrated that a five-mode truncation is required for acceptable 146 

convergence in calculating the static deflection of a shallow MEMS arch. The same 147 

truncation order was adopted for their subsequent dynamic analysis, although a 148 

dedicated convergence study for the dynamic case was not performed. Furthermore, 149 

Chen et al. [38] proposed two schemes, based on the natural frequencies of the 150 

corresponding linear conservative system, to determine the convergent truncation order 151 

for beams on elastic foundations. However, the applicability of these schemes to 152 

clamped-clamped bistable beams has not been verified. Together, these observations 153 

highlight the need to identify a suitable truncation order for converged dynamic 154 

predictions of bistable curved beams. 155 

In this paper, a sinusoidal pre-shaped curved beam is adopted to investigate the 156 

dynamic behavior patterns and convergence properties associated with three commonly 157 

used sets of Galerkin trial functions. The governing equation is discretized via the Galerkin 158 

method, and the steady-state responses are computed numerically using each set at 159 

increasing truncation order and mapped onto the same parameter plane of forcing 160 

amplitude and frequency for direct comparison. The results reveal discrepancies among 161 

the different trial function sets and truncation orders, yet all converge at a five-mode 162 

truncation. These discrepancies are traced to the distinct physical considerations 163 

underlying the buckling and vibration problems. Finite element simulations confirm the 164 

accuracy of the converged Galerkin predictions, and a parametric study demonstrates 165 

that the conclusions hold under varied geometric and damping conditions. This paper 166 

provides researchers with a clear and reasoned basis for selecting appropriate trial 167 
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functions and truncation orders when analyzing bistable beam dynamics. The remainder 168 

of the paper is organized as follows: Section 2 formulates the dynamical model and 169 

derives the discretized equations; Section 3 presents and compares the numerical results 170 

for ascending truncation orders; Section 4 provides the finite element validation and 171 

parametric study; and Section 5 summarizes the conclusions. 172 

 173 

2. Dynamic analysis and Galerkin discretization 174 
 175 

2.1. Dynamic model of the curved beam 176 
 177 

Consider a homogeneous curved beam with span L, width b and thickness c, 178 

subjected to clamped-clamped boundary conditions, as shown in Fig. 1. The beam has a 179 

constant cross-sectional area A, moment of inertia I = bc3/12, and an initial stress-free 180 

profile 𝑤𝑤�0(𝑥𝑥�) = −ℎ 2⁄ ∙ [1 − cos(2π𝑥𝑥� 𝐿𝐿⁄ )], where h denotes the initial arch height. The 181 

material properties are defined by the density ρ and Young’s modulus E. The beam is 182 

oriented vertically with its arch directed upward, and its own weight acts as a uniformly 183 

distributed load, with ĝ representing the gravitational acceleration. Under a harmonic 184 

distributed excitation, the equation of motion for the lateral displacement 𝑤𝑤�(𝑥𝑥�, 𝑡̂𝑡) is given 185 

by [37] 186 

𝜌𝜌𝜌𝜌 �
∂2𝑤𝑤�
∂𝑡̂𝑡2

− 𝑔𝑔�� + 𝐶̂𝐶d
∂𝑤𝑤�
∂𝑡̂𝑡

+ 𝐸𝐸𝐸𝐸 �
∂4𝑤𝑤�
∂𝑥𝑥�4

−
∂4𝑤𝑤�0
∂𝑥𝑥�4

� 

−
𝐸𝐸𝐸𝐸
2𝐿𝐿

�� ��
∂𝑤𝑤�
∂𝑥𝑥��

2

− �
∂𝑤𝑤�0
∂𝑥𝑥� �

2

�d𝑥𝑥�
𝐿𝐿

0
�
∂2𝑤𝑤�
∂𝑥𝑥�2

= 𝑓𝑓 cos�𝛺𝛺�𝑡̂𝑡� 

(1) 
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where Ĉd is the damping coefficient, 𝑓𝑓 and 𝛺𝛺�  are the excitation amplitude and angular 187 

frequency, respectively. 188 

Introducing the nondimensional parameters as follows: 189 

𝑤𝑤 =
𝑤𝑤�
ℎ

, 𝑤𝑤0 =
𝑤𝑤�0
ℎ

, 𝑡𝑡 =
𝑡̂𝑡
𝑇𝑇

, 𝑥𝑥 =
𝑥𝑥�
𝐿𝐿

, 𝑇𝑇 = �𝜌𝜌𝜌𝜌𝐿𝐿
4

𝐸𝐸𝐸𝐸
, 

𝑔𝑔 =
𝑇𝑇2

ℎ
𝑔𝑔�, 𝑄𝑄 =

ℎ
𝑐𝑐

, 𝐶𝐶d =
𝐶̂𝐶d𝐿𝐿2

�𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌
, 𝑓𝑓 =

𝑓𝑓𝐿𝐿4

𝐸𝐸𝐸𝐸ℎ
 

(2) 

Equation (1) can therefore be transformed into 190 

�
∂2𝑤𝑤
∂𝑡𝑡2

− 𝑔𝑔� + 𝐶𝐶d
∂𝑤𝑤
∂𝑡𝑡

+ �
∂4𝑤𝑤
∂𝑥𝑥4

−
∂4𝑤𝑤0
∂𝑥𝑥4

� 

−6𝑄𝑄2 �� ��
∂𝑤𝑤
∂𝑥𝑥�

2

− �
∂𝑤𝑤0
∂𝑥𝑥 �

2

�d𝑥𝑥
1

0
�
∂2𝑤𝑤
∂𝑥𝑥2

= 𝑓𝑓 cos�𝛺𝛺�𝑇𝑇𝑇𝑇� 

(3) 

 191 

2.2. Galerkin discretization 192 
 193 

Equation (3) is then solved using the Galerkin truncation method, where the 194 

nondimensional displacement w(x,t) is expressed as a linear combination of trial functions 195 

ϕi(x) with corresponding generalized displacements qi(t): 196 

𝑤𝑤(𝑥𝑥, 𝑡𝑡) = �𝑞𝑞𝑖𝑖(𝑡𝑡)𝜙𝜙𝑖𝑖(𝑥𝑥)
𝑛𝑛

𝑖𝑖=1

 (4) 

Substituting Eq. (4) into Eq. (3) yields the following discretized equation: 197 
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��𝜙𝜙𝑖𝑖
d2𝑞𝑞𝑖𝑖
d𝑡𝑡2

𝑛𝑛

𝑖𝑖=1

− 𝑔𝑔� + 𝐶𝐶d�𝜙𝜙𝑖𝑖
d𝑞𝑞𝑖𝑖
d𝑡𝑡

𝑛𝑛

𝑖𝑖=1

+ ��
d4𝜙𝜙𝑖𝑖
d𝑥𝑥4

𝑞𝑞𝑖𝑖

𝑛𝑛

𝑖𝑖=1

−
d4𝜙𝜙0
d𝑥𝑥4 �

− 6𝑄𝑄2 �� ���
d𝜙𝜙𝑖𝑖
d𝑥𝑥 �

2

𝑞𝑞𝑖𝑖2
𝑛𝑛

𝑖𝑖=1

+ 2 �
d𝜙𝜙𝑖𝑖
d𝑥𝑥

d𝜙𝜙𝑘𝑘
d𝑥𝑥

𝑞𝑞𝑖𝑖𝑞𝑞𝑘𝑘

𝑛𝑛

1≤𝑖𝑖<𝑘𝑘≤𝑛𝑛

1

0

− �
d𝜙𝜙0
d𝑥𝑥 �

2

�d𝑥𝑥� ��
d2𝜙𝜙𝑖𝑖
d𝑥𝑥2

𝑞𝑞𝑖𝑖

𝑛𝑛

𝑖𝑖=1

� = 𝑓𝑓 cos�𝛺𝛺�𝑇𝑇𝑇𝑇� 

(5) 

where 198 

𝜙𝜙0(𝑥𝑥) = 𝑤𝑤0(𝑥𝑥) = −
1
2

[1 − cos(2π𝑥𝑥)] (6) 

By multiplying both sides of Eq. (5) by ϕj and then integrating from 0 to 1, the equation 199 

can be rewritten as 200 

�𝑀𝑀𝑗𝑗𝑗𝑗
d2𝑞𝑞𝑖𝑖
d𝑡𝑡2

𝑛𝑛

𝑖𝑖=1

+ 𝐶𝐶d�𝑀𝑀𝑗𝑗𝑗𝑗
d𝑞𝑞𝑖𝑖
d𝑡𝑡

𝑛𝑛

𝑖𝑖=1

+ ��𝐾𝐾𝑗𝑗𝑗𝑗𝑞𝑞𝑖𝑖

𝑛𝑛

𝑖𝑖=1

+ 6𝑄𝑄2𝐴𝐴0�𝐵𝐵𝑗𝑗𝑗𝑗𝑞𝑞𝑙𝑙

𝑛𝑛

𝑙𝑙=1

� − 𝑆𝑆𝑗𝑗 − 𝐹𝐹𝑗𝑗𝑔𝑔 

−6𝑄𝑄2 ��𝐴𝐴𝑖𝑖𝑞𝑞𝑖𝑖2
𝑛𝑛

𝑖𝑖=1

+ 2 � 𝐶𝐶𝑖𝑖𝑖𝑖𝑞𝑞𝑖𝑖𝑞𝑞𝑘𝑘

𝑛𝑛

1≤𝑖𝑖<𝑘𝑘≤𝑛𝑛

���𝐵𝐵𝑗𝑗𝑗𝑗𝑞𝑞𝑙𝑙

𝑛𝑛

𝑙𝑙=1

� = 𝐹𝐹𝑗𝑗𝑓𝑓 cos�𝛺𝛺�𝑇𝑇𝑇𝑇� ,

𝑗𝑗 = 1,2,⋯ ,𝑛𝑛 

(7) 

where 201 

𝑀𝑀𝑗𝑗𝑗𝑗 = � 𝜙𝜙𝑖𝑖𝜙𝜙𝑗𝑗 d𝑥𝑥
1

0
, 𝐾𝐾𝑗𝑗𝑗𝑗 = �

d4𝜙𝜙𝑖𝑖
d𝑥𝑥4

𝜙𝜙𝑗𝑗 d𝑥𝑥
1

0

, 𝐴𝐴0 = � �
d𝜙𝜙0
d𝑥𝑥 �

2

d𝑥𝑥
1

0
, 

𝐹𝐹𝑗𝑗 = � 𝜙𝜙𝑗𝑗 d𝑥𝑥
1

0
, 𝑆𝑆𝑗𝑗 = �

d4𝜙𝜙0
d𝑥𝑥4

𝜙𝜙𝑗𝑗 d𝑥𝑥
1

0

, 𝐴𝐴𝑖𝑖 = � �
d𝜙𝜙𝑖𝑖
d𝑥𝑥 �

2

d𝑥𝑥
1

0
, 

𝐵𝐵𝑗𝑗𝑗𝑗 = �
d2𝜙𝜙𝑙𝑙
d𝑥𝑥2

𝜙𝜙𝑗𝑗 d𝑥𝑥
1

0

, 𝐶𝐶𝑖𝑖𝑖𝑖 = �
d𝜙𝜙𝑖𝑖
d𝑥𝑥

d𝜙𝜙𝑘𝑘
d𝑥𝑥

d𝑥𝑥
1

0
    (𝑖𝑖 < 𝑘𝑘) 

(8) 
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Note that the operations of integration and summation are interchangeable for a finite 202 

discretisation order n and continuous trial function ϕi(x) on [0,1]. 203 

As introduced in the Introduction, we consider three commonly used types of trial 204 

functions for curved beams: the buckling mode shapes of straight beams (hereinafter 205 

simply “buckling mode shapes” for brevity), the vibration mode shapes of straight beams, 206 

and the vibration mode shapes of curved beams. Their explicit expressions are given as 207 

follows. 208 

For the buckling mode shapes, we have 209 

𝜙𝜙𝑖𝑖b(𝑥𝑥)

=

⎩
⎨

⎧
1
2

[1 − cos(𝑁𝑁𝑖𝑖𝑥𝑥)] 𝑁𝑁𝑖𝑖 = (𝑖𝑖 + 1)π, 𝑖𝑖 = 1,3,⋯

1
2 �

1 − 2𝑥𝑥 − cos(𝑁𝑁𝑖𝑖𝑥𝑥) +
2 sin(𝑁𝑁𝑖𝑖𝑥𝑥)

𝑁𝑁𝑖𝑖
� 𝑁𝑁𝑖𝑖 = 2.86π, 4.92π,⋯ 𝑖𝑖 = 2,4,⋯

 
(9) 

The vibration mode shapes of straight beams are expressed as 210 

𝜙𝜙𝑖𝑖sv(𝑥𝑥) = cos𝛽𝛽𝑖𝑖𝑥𝑥 − cosh𝛽𝛽𝑖𝑖𝑥𝑥 −
cos𝛽𝛽𝑖𝑖 − cosh𝛽𝛽𝑖𝑖
sin𝛽𝛽𝑖𝑖 − sinh𝛽𝛽𝑖𝑖

(sin𝛽𝛽𝑖𝑖𝑥𝑥 − sinh𝛽𝛽𝑖𝑖𝑥𝑥) (10) 

where βi is governed by 211 

cos𝛽𝛽𝑖𝑖 cosh𝛽𝛽𝑖𝑖 = 1 (11) 

The vibration mode shapes of curved beams take the form [27] 212 

𝜙𝜙𝑖𝑖cv(𝑥𝑥) = 𝑐𝑐𝑖𝑖1 sin�𝛼𝛼𝑖𝑖𝑥𝑥 + 𝑐𝑐𝑖𝑖2 cos�𝛼𝛼𝑖𝑖𝑥𝑥 + 𝑐𝑐𝑖𝑖3 sinh�𝛼𝛼𝑖𝑖𝑥𝑥 + 𝑐𝑐𝑖𝑖4 cosh�𝛼𝛼𝑖𝑖𝑥𝑥

+ 𝑐𝑐𝑖𝑖5 cos 2π𝑥𝑥 
(12) 

where the coefficients cij (j = 1,2,…,5) and the parameter αi satisfy 213 
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⎩
⎪
⎪
⎨

⎪
⎪
⎧

𝑐𝑐𝑖𝑖2 + 𝑐𝑐𝑖𝑖4 + 𝑐𝑐𝑖𝑖5 = 0
𝑐𝑐𝑖𝑖1 + 𝑐𝑐𝑖𝑖3 = 0

𝑐𝑐𝑖𝑖1 sin�𝛼𝛼𝑖𝑖 + 𝑐𝑐𝑖𝑖2 cos�𝛼𝛼𝑖𝑖 + 𝑐𝑐𝑖𝑖3 sinh�𝛼𝛼𝑖𝑖 + 𝑐𝑐𝑖𝑖4 cosh�𝛼𝛼𝑖𝑖 + 𝑐𝑐𝑖𝑖5 = 0
𝑐𝑐𝑖𝑖1 cos�𝛼𝛼𝑖𝑖 − 𝑐𝑐𝑖𝑖2 sin�𝛼𝛼𝑖𝑖 + 𝑐𝑐𝑖𝑖3 cosh�𝛼𝛼𝑖𝑖 + 𝑐𝑐𝑖𝑖4 sinh�𝛼𝛼𝑖𝑖 = 0

√𝜔𝜔 �
𝑐𝑐𝑖𝑖1〈𝜙𝜙�0′ cos�𝛼𝛼𝑖𝑖𝑥𝑥〉 − 𝑐𝑐𝑖𝑖2〈𝜙𝜙�0′ sin�𝛼𝛼𝑖𝑖𝑥𝑥〉

+𝑐𝑐𝑖𝑖3〈𝜙𝜙�0′ cosh�𝛼𝛼𝑖𝑖𝑥𝑥〉 + 𝑐𝑐𝑖𝑖4〈𝜙𝜙�0′ sinh�𝛼𝛼𝑖𝑖𝑥𝑥〉
� + 𝑐𝑐𝑖𝑖5 �

𝜔𝜔2

2π2
− 9π2� = 0

 (13) 

Here, the angle brackets denote the inner product 〈𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑥𝑥)〉 = ∫ 𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑥𝑥)d𝑥𝑥1
0 , and 214 

the reference initial shape is defined as 𝜙𝜙�0(𝑥𝑥) = |𝜙𝜙0(𝑥𝑥)| = [1 − cos(2π𝑥𝑥)] 2⁄ . These 215 

trial functions inherently satisfy the clamped-clamped boundary conditions. For bistable 216 

curved beams, to facilitate comparison of dynamic responses obtained using different 217 

trial functions, time is rescaled based on a common reference frequency as 218 

𝜏𝜏 = 𝜔𝜔ref𝑡𝑡    ⇒     𝑡𝑡 =
𝜏𝜏

𝜔𝜔ref
 (14) 

where 219 

𝜔𝜔ref = �−
𝐾𝐾11b + 6𝑄𝑄2𝐴𝐴0𝐵𝐵11b

𝑀𝑀11
b = 2π2�

3𝑄𝑄2 − 4
3

 (15) 

in which 𝐾𝐾11b , 𝐵𝐵11b , and 𝑀𝑀11
b  are coefficients derived from the buckling mode shapes 𝜙𝜙𝑖𝑖b(𝑥𝑥). 220 

It follows from Eq. (15) that the system possesses bistability only when Q is greater than 221 

2√3 3⁄ . 222 

Substituting Eq. (14) into Eq. (7) leads to 223 

�𝑀𝑀𝑗𝑗𝑗𝑗𝑞̈𝑞𝑖𝑖

𝑛𝑛

𝑖𝑖=1

+ 𝛿𝛿�𝑀𝑀𝑗𝑗𝑗𝑗𝑞̇𝑞𝑖𝑖

𝑛𝑛

𝑖𝑖=1

+ �𝐾𝐾�𝑗𝑗𝑗𝑗𝑞𝑞𝑖𝑖

𝑛𝑛

𝑖𝑖=1

− 𝑆̃𝑆𝑗𝑗 − 𝐹𝐹�𝑗𝑗𝑔𝑔 − 𝑁𝑁𝑗𝑗(𝐪𝐪) = 𝐹𝐹�𝑗𝑗𝑓𝑓 cos(𝜔𝜔𝜔𝜔) ,

𝑗𝑗 = 1,2,⋯ ,𝑛𝑛 

(16) 

where 224 
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𝛿𝛿 =
𝐶𝐶d
𝜔𝜔ref

, 𝐾𝐾�𝑗𝑗𝑗𝑗 =
𝐾𝐾𝑗𝑗𝑗𝑗 + 6𝑄𝑄2𝐴𝐴0𝐵𝐵𝑗𝑗𝑗𝑗

𝜔𝜔ref
2 , 𝑆̃𝑆𝑗𝑗 =

𝑆𝑆𝑗𝑗
𝜔𝜔ref
2 , 

𝐹𝐹�𝑗𝑗 =
𝐹𝐹𝑗𝑗
𝜔𝜔ref
2 , 𝜔𝜔 =

𝛺𝛺�𝑇𝑇
𝜔𝜔ref

, 

𝑁𝑁𝑗𝑗(𝐪𝐪) =
6𝑄𝑄2

𝜔𝜔ref
2 ��𝐴𝐴𝑖𝑖𝑞𝑞𝑖𝑖2

𝑛𝑛

𝑖𝑖=1

+ 2 � 𝐶𝐶𝑖𝑖𝑖𝑖𝑞𝑞𝑖𝑖𝑞𝑞𝑘𝑘

𝑛𝑛

1≤𝑖𝑖<𝑘𝑘≤𝑛𝑛

���𝐵𝐵𝑗𝑗𝑗𝑗𝑞𝑞𝑙𝑙

𝑛𝑛

𝑙𝑙=1

�, 

𝐪𝐪 = (𝑞𝑞1, 𝑞𝑞2,⋯ , 𝑞𝑞𝑛𝑛)T 

(17) 

and the overdot denotes differentiation with respect to time τ. Equation (16) reveals that 225 

the system dynamics are governed by several key components: the coupling effect of the 226 

mass matrix, the linear and nonlinear stiffness terms, and constant biases arising from the 227 

initial curvature and gravitational force. Moreover, by choosing the first buckling mode 228 

shape as the reference, the nondimensional forcing amplitude is defined as 229 

𝐹𝐹 =
𝐹𝐹1b𝑓𝑓

𝑀𝑀11
b 𝜔𝜔ref

2     ⇒     𝑓𝑓 =
𝑀𝑀11
b 𝜔𝜔ref

2

𝐹𝐹1b
𝐹𝐹 (18) 

where 𝐹𝐹1b  denotes the coefficient obtained from the first buckling mode shape. 230 

Substituting Eq. (18) into Eq. (16) yields 231 

�𝑀𝑀𝑗𝑗𝑗𝑗𝑞̈𝑞𝑖𝑖

𝑛𝑛

𝑖𝑖=1

+ 𝛿𝛿�𝑀𝑀𝑗𝑗𝑗𝑗𝑞̇𝑞𝑖𝑖

𝑛𝑛

𝑖𝑖=1

+ �𝐾𝐾�𝑗𝑗𝑗𝑗𝑞𝑞𝑖𝑖

𝑛𝑛

𝑖𝑖=1

− 𝑆̃𝑆𝑗𝑗 − 𝐹𝐹�𝑗𝑗𝑔𝑔 − 𝑁𝑁𝑗𝑗(𝐪𝐪) = 𝛾𝛾𝑗𝑗𝐹𝐹 cos(𝜔𝜔𝜔𝜔) ,

𝑗𝑗 = 1,2,⋯ ,𝑛𝑛 

(19) 

where 232 

𝛾𝛾𝑗𝑗 =
𝑀𝑀11
b

𝐹𝐹1b
𝐹𝐹𝑗𝑗 (20) 

Equation (19) can also be written in vector form as 233 

𝐌𝐌𝐪̈𝐪 + 𝛿𝛿𝐌𝐌𝐪̇𝐪 + 𝐊𝐊�𝐪𝐪 − 𝐒𝐒� − 𝑔𝑔𝐅𝐅� − 𝐍𝐍(𝐪𝐪) = 𝐹𝐹𝚪𝚪 cos(𝜔𝜔𝜔𝜔) (21) 

where 234 



Journal of Applied Mechanics 
 

14 
 

𝐌𝐌 = �𝑀𝑀𝑗𝑗𝑗𝑗�𝑛𝑛×𝑛𝑛
, 𝐊𝐊� = �𝐾𝐾�𝑗𝑗𝑗𝑗�𝑛𝑛×𝑛𝑛

, 𝐒𝐒� = �𝑆̃𝑆1, 𝑆̃𝑆2,⋯ , 𝑆̃𝑆𝑛𝑛�
T, 

𝐅𝐅� = �𝐹𝐹�1,𝐹𝐹�2,⋯ ,𝐹𝐹�𝑛𝑛�
T, 𝐍𝐍(𝐪𝐪) = �𝑁𝑁1(𝐪𝐪),𝑁𝑁2(𝐪𝐪),⋯ ,𝑁𝑁𝑛𝑛(𝐪𝐪)�T, 

𝚪𝚪 = (𝛾𝛾1, 𝛾𝛾2,⋯ , 𝛾𝛾𝑛𝑛)T 

(22) 

Equation (21) [or (19)] is now in the form suitable for numerical computation in the 235 

parameter space of forcing amplitude F and frequency ω, enabling the comparison of 236 

dynamic responses derived from various trial functions up to any desired order n. The 237 

initial condition is defined as q0 = (q10, q20, …, qn0)T, which satisfies the following equation 238 

when time derivatives and external force in Eq. (21) are set to zero: 239 

𝐊𝐊�𝐪𝐪𝟎𝟎 − 𝐒𝐒� − 𝑔𝑔𝐅𝐅� − 𝐍𝐍(𝐪𝐪𝟎𝟎) = 𝟎𝟎 (23) 

 240 

3. Numerical analysis 241 
 242 

3.1. Low-order truncation 243 
 244 

With the governing equations established, we now proceed to numerical analysis. 245 

Following the classification and criteria established in [20,24], the beam’s dynamic 246 

responses are categorized into four types: 247 

(1) Switching: The vibration starts from one stable state, transitions to the other, 248 

and never returns to the initial state; 249 

(2) Reverting: The system also undergoes inter-well motion from the initial 250 

equilibrium to the other, but ultimately returns to the initial stable state and never jumps 251 

again; 252 
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(3) Vacillating: The system continuously switches back and forth between the two 253 

stable states without settling into either one; 254 

(4) Intra-well: The system vibrates solely around the initial stable state and never 255 

transitions to the other potential well. 256 

The first three types are collectively referred to as inter-well motions due to their well-257 

crossing behavior. To determine the steady-state motion type, we compare the mid-point 258 

displacement during vibration with the saddle displacement, which indicates whether the 259 

system has transitioned to the other potential well. 260 

Before performing dynamic simulations, we first examine the mode shapes of the 261 

three trial function sets to gain an intuitive impression of their differences. Using the 262 

parameter values listed in Table 1 and the expressions given in Eqs. (9)–(13), we plot the 263 

first three mode shapes of each set in Fig. 2, each normalized by its maximum value. The 264 

figure reveals that the first two mode shapes are highly similar across all three sets. For 265 

the third mode, however, the buckling-mode shape clearly deviates from the two 266 

vibration-mode shapes, suggesting that discrepancies may arise when the truncation 267 

order reaches three. In contrast, the straight-beam and curved-beam vibration mode 268 

shapes remain nearly identical across all three orders. 269 

We begin the dynamic analysis with a single-mode truncation, which also serves 270 

to capture the essential dynamic characteristics of the curved beam. Setting the 271 

truncation order to n = 1 and employing the parameters in Table 1, the dynamic responses 272 

in the (ω,F) plane are computed using the fourth-order Runge-Kutta method, as shown in 273 

Fig. 3. The forcing amplitude F ranges from 0.03 to 0.60, and the angular frequency ω 274 
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ranges from 0.2 to 3.0, covering the main resonance region as well as the primary 275 

superharmonics and subharmonics. 276 

The results in Fig. 3 show that the inter-well motion region exhibits multiple self-277 

similar V-shaped patterns in the (ω,F) plane. Within each V-shaped region lies a smaller, 278 

similarly V-shaped central area corresponding to vacillating motion for the primary 279 

resonance and superharmonics. In the main resonance region, feather-shaped areas 280 

where switching and reverting motions are intermingled are observed flanking the right 281 

boundary of its vacillating region [24]. The subharmonics region, located at approximately 282 

twice the frequency of the primary resonance tip, requires a sufficiently large forcing 283 

amplitude to trigger inter-well motion. The figure also demonstrates the high similarity 284 

between the dynamic responses obtained using the buckling, straight-beam vibration, 285 

and curved-beam vibration mode shapes when the truncation order is set to n = 1. 286 

The truncation order is further extended to n = 2, which includes the asymmetric 287 

mode ϕ2. Similarly, the dynamic responses are computed using the three sets of trial 288 

functions and presented in Fig. 4. The results again show high similarity between the three 289 

mode shapes, but deviate from those obtained with the first-order truncation (Fig. 3). 290 

Although the frequencies at the tips of the inter-well region generally align with the first-291 

order results, the required forcing amplitude decreases significantly, particularly for the 292 

superharmonics. Within the inter-well region for ω < 2.0, vacillating motion dominates, 293 

while switching and reverting motions are confined to narrow bands near the boundary. 294 

The minimum forcing amplitude remains largely unchanged at low forcing frequencies, 295 

but increases dramatically after ω = 1.5, forming a sharp right boundary of this region. 296 
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The subharmonics region retains its V-shaped structure, with all four motion types 297 

interwoven. 298 

 299 

3.2. High-order truncation 300 
 301 

To accurately capture the effects of strong nonlinearity and fully predict the 302 

complete dynamics of the curved beam, high-order truncation is required. Using the same 303 

numerical method to solve Eq. (19), the system’s dynamic responses are computed for a 304 

truncation order of n = 3, with the results shown in Fig. 5. 305 

Figure 5 reveals similar dynamic responses between all three sets of trial functions 306 

at low forcing frequencies, for both upper and lower initial states. However, discrepancies 307 

appear at high frequencies (1.9 < ω < 2.5) and large forcing amplitude (0.3 < F < 0.6). In 308 

this region, when the motion is initiated from the upper stable state, all three mode sets 309 

predict V-shaped inter-well regions. However, the region predicted by the buckling modes 310 

is significantly larger, exhibiting a lower tip forcing amplitude and a wider frequency range 311 

under a given amplitude, while the two vibration mode shapes yield nearly identical 312 

results. Conversely, when initiated from the lower stable state, the buckling modes yield 313 

a distinct V-shaped vacillating region, whereas both straight-beam and curved-beam 314 

vibration modes produce switching behavior in the tip region, forming a W-shaped 315 

vacillating region above. 316 

Moreover, a comparison of the results for truncation order n = 3 with those for 317 

lower orders (n = 1,2) reveals that the dependence of the dynamic patterns on the initial 318 

state becomes significantly more pronounced at higher order. At this higher truncation 319 
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order, the system tends to vibrate around the lower stable state at low forcing 320 

frequencies (0.2 < ω < 0.6) and small forcing amplitudes, and around the upper stable 321 

state at relatively high frequencies (1.0 < ω < 2.2) and large amplitudes. Consequently, 322 

when initiating from the upper stable state, the dynamic responses exhibit switching 323 

behavior followed by intra-well motion as the forcing frequency and amplitude increase. 324 

In contrast, when starting from the lower stable state, the system exhibits intra-well 325 

motion followed by switching behavior in the corresponding parameter regions. Under 326 

lower-order truncations, however, the system displays similar dynamic behavior in the 327 

same parameter regions irrespective of the initial state, as shown in Fig. 3 and Fig. 4. 328 

Given the discrepancies between the three sets of modal results at high forcing 329 

frequencies and large amplitudes, we seek to determine which provides more accurate 330 

predictions. To this end, we increase the truncation order to n = 5 and compute the 331 

dynamic response patterns in the (ω,F) plane, as shown in Fig. 6. The results reveal 332 

broadly similar dynamic response patterns across all three mode sets over the studied 333 

parameter plane. More importantly, within the region where discrepancies were 334 

previously observed, all three mode sets now exhibit a scattered inter-well region when 335 

the motion is initiated from the upper stable state. Although this region does not fully 336 

coincide with the one obtained using buckling modes at n = 3 [Fig. 5(a)], the lower-order 337 

prediction still captures the inter-well motion qualitatively, with the tip occurring at 338 

comparable forcing frequencies and amplitudes. This indicates that the buckling modes 339 

converge faster than both vibration mode sets in solving the curved beam dynamics. 340 

Specifically, a third-order truncation using the buckling modes is already sufficient to 341 
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qualitatively capture the main resonance as well as the primary superharmonics and 342 

subharmonics, whereas the vibration modes require a higher-order truncation (e.g., fifth-343 

order) to achieve comparable performance. 344 

Furthermore, for all three mode sets, the dynamic behavior patterns at low forcing 345 

frequencies (0.2 < ω < 1.7) agree well with the third-order truncation results in Fig. 5. This 346 

confirms that a third-order truncation is largely sufficient to accurately predict the 347 

system’s primary resonance behavior in the (ω,F) plane. 348 

While the fifth-order truncation results validate the accuracy of the third-order 349 

approximation, a key question remains: why do the dynamic behavior patterns at high 350 

forcing frequencies differ between the buckling modes and the vibration modes? These 351 

discrepancies can be intuitively attributed to the marked difference between the third-352 

order mode shape of the buckling modes and those of the vibration modes, as illustrated 353 

in Fig. 2. This difference, in turn, stems from the distinct governing equations that define 354 

the buckling and vibration problems, respectively. Specifically, the buckling mode shapes 355 

defined in Eq. (9) are obtained by solving 356 

𝐸𝐸𝐸𝐸
d4𝑤𝑤
d𝑥𝑥4

+ 𝑃𝑃
d2𝑤𝑤
d𝑥𝑥2

= 0 (24) 

under clamped-clamped boundary conditions, where P denotes the axial force. In 357 

contrast, the straight-beam vibration mode shapes defined in Eq. (10) are derived from 358 

𝜌𝜌𝜌𝜌
∂2𝑤𝑤
∂𝑡𝑡2

+ 𝐸𝐸𝐸𝐸
∂4𝑤𝑤
∂𝑥𝑥4

= 0 (25) 

under the same boundary conditions, in which the axial force is not considered. As for the 359 

curved-beam vibration mode shapes defined in Eq. (12), although their derivation 360 
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accounts for the initial curvature of the beam, it also neglects axial inertia and assumes 361 

that the axial displacement is entirely induced by the lateral motion [27]. Consequently, 362 

they share the same fundamental simplification as the straight-beam vibration modes. 363 

The governing equation (1) of the beam dynamics, however, contains a nonlinear term 364 

that originates from axial tension/compression, which governs the overall system 365 

dynamics. This term reveals the effect of axial force on the lateral dynamics. Due to the 366 

relatively shallow geometry of the curved beam (c/L = 0.087), the conclusion for straight 367 

beams, namely that the axial resonance frequency is higher than the lateral one [39,40], 368 

can be reasonably extended to the present case. Therefore, under high-frequency 369 

excitation, the influence of axial vibration becomes significant, suggesting that the 370 

buckling modes, which incorporate the coupled transverse‑axial effect, may capture the 371 

true dynamic behavior at high frequencies. Consequently, the system’s dynamic 372 

responses could be accurately predicted even with a low-order truncation. In contrast, 373 

the vibration modes consider only lateral motion, which may lead to distortion in the 374 

computed dynamic responses under low-order truncation. Furthermore, the shallow 375 

geometry, together with the shared simplification principles, explains the near-perfect 376 

overlap of the straight-beam and curved-beam mode shapes shown in Fig. 2, as well as 377 

the high similarity of their dynamic response patterns at each truncation order. 378 

To further validate the explanation regarding the role of axial force, we quantify 379 

its significance in terms of the relative energetic contributions of axial versus bending 380 

deformation during the steady-state response. Specifically, we compute the ratio of the 381 

average axial (tension/compression) potential energy 𝑈𝑈�s  to the average bending 382 
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potential energy 𝑈𝑈�b. A larger value of this ratio indicates a comparatively more important 383 

role of axial force relative to bending. Following the detailed derivation presented in 384 

Appendix A, this energy ratio is evaluated numerically over the (ω,F) plane for a truncation 385 

order of n = 3. The results are presented in Fig. 7. 386 

Figure 7 reveals two regions with a large axial-to-bending energy ratio for both 387 

initial states. Of these two regions, the one located at low forcing frequencies shows good 388 

agreement among the three sets of trial functions, whereas the one at high frequencies 389 

exhibits a clear discrepancy between the predictions by the buckling modes and those by 390 

the vibration modes. Specifically, when the motion starts from the upper stable state, the 391 

high-frequency region forms a “<”-shaped feature, whose tip possesses the largest energy 392 

ratio and is located close to the tip of the V-shaped inter-well region in Figs. 5(a)–(c). 393 

Therefore, in agreement with the V-shaped pattern, the forcing amplitude at the “<”-394 

shaped tip computed using the buckling modes is significantly smaller than that obtained 395 

using the vibration modes. For all choices of mode shapes, moreover, the lower boundary 396 

of this high-frequency region coincides with the extension of the left boundary of the V-397 

shaped region, while the upper boundary generally aligns with the right boundary of the 398 

V-shaped region. Within the “<”-shaped region, the energy ratio decreases radially from 399 

the tip toward the high-frequency side. The results for the lower initial state exhibit 400 

similar characteristics, albeit with a more scattered lower boundary compared to the 401 

sharp boundary observed in the upper-state case. 402 

These findings demonstrate that the axial force plays a significant role at the tip 403 

of the “<”-shaped region, thereby influencing the exact location of the V-shaped inter-404 
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well region. Consequently, incorporating axial force effects into the trial functions is 405 

crucial for reduced-order models to faithfully capture the true dynamics of the system. 406 

This validates the rationality of the previous discussion and confirms the superior 407 

performance of buckling mode shapes in predicting steady-state responses. 408 

  409 
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4. Validation and parametric study 410 
 411 

4.1. Finite element validation 412 
 413 

To validate the accuracy of the analytical predictions, a finite element model is 414 

constructed in Abaqus 2024. The geometry is generated directly from the initial shape 415 

function 𝑤𝑤�0(𝑥𝑥�) with the parameters listed in Table 1, and the corresponding material 416 

properties are assigned. Mass-proportional Rayleigh damping is adopted with a 417 

coefficient 𝛼𝛼 = 𝐶̂𝐶d 𝜌𝜌𝜌𝜌⁄ ≈ 18.48 s−1, matching the viscous damping coefficient Ĉd used in 418 

the theoretical model. Both ends are fully clamped, and the beam is subjected to gravity 419 

together with a uniformly distributed harmonic excitation. An implicit dynamic analysis is 420 

performed with geometric nonlinearity enabled, and the mid-point displacement is 421 

recorded to identify the steady-state motion type according to the same classification 422 

criterion applied to the Galerkin results. 423 

Figure 8(a) superimposes the finite element predictions (circular and diamond-424 

shaped markers) for motions initiated from the upper stable state onto the background 425 

of the fifth-order buckling-mode Galerkin results. To examine the convergence of the 426 

fifth-order truncation more closely, additional simulation points are placed in the 427 

subharmonic resonance region indicated by the red dashed frame. The finite element 428 

results agree well with the Galerkin predictions, confirming both the correctness of the 429 

numerical model and the convergence of the fifth-order Galerkin solution. 430 

To further verify the role of the axial force that underlies the faster convergence 431 

of the buckling modes, the time-averaged ratio of axial potential energy to bending 432 
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potential energy is also evaluated from the finite element simulations. The bending and 433 

axial energies are computed from the sectional moment 𝑀𝑀�(𝑥𝑥�, 𝑡̂𝑡) and axial force 𝑁𝑁�(𝑥𝑥�, 𝑡̂𝑡), 434 

integrated along the beam and averaged over a steady-state time interval: 435 

𝑈𝑈�s
𝑈𝑈�b

=
∫ ∫ 𝑁𝑁�2(𝑥𝑥�, 𝑡̂𝑡)

2𝐸𝐸𝐸𝐸 d𝑥𝑥�𝐿𝐿
0 d𝑡̂𝑡𝑡̂𝑡2

𝑡̂𝑡1

∫ ∫ 𝑀𝑀�2(𝑥𝑥�, 𝑡̂𝑡)
2𝐸𝐸𝐸𝐸 d𝑥𝑥�𝐿𝐿

0 d𝑡̂𝑡𝑡̂𝑡2
𝑡̂𝑡1

 (26) 

Here [𝑡̂𝑡1, 𝑡̂𝑡2] is a time window after the steady state has been reached. Figure 8(b) plots 436 

these simulated energy ratios (dotted markers) against the background of the fifth-order 437 

buckling-mode numerical results for motions initiated from the upper stable state. Similar 438 

to the third-order results in Figs. 7(a)–(c), both the numerical and finite element results 439 

exhibit a distinct region of elevated energy ratio beneath the subharmonic vacillating 440 

zone, as highlighted by the red dashed frame. This agreement confirms the significant 441 

contribution of the axial force in this region, which explains why the buckling modes—442 

being derived from a problem that intrinsically includes axial force effects—achieve a 443 

faster convergence than the vibration modes. The consistency between the finite element 444 

and numerical results further corroborates the validity of the proposed Galerkin 445 

framework. 446 

 447 

4.2. Parametric study 448 
 449 

The preceding analysis relies on a specific set of parameter values. To assess the 450 

generality of the conclusions, we vary the initial arch height h and the viscous damping 451 

coefficient Ĉd independently. Figure 9 shows the dynamic responses for h = 4.50 mm 452 
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(0.177 in), while Fig. 10 presents the corresponding results for Ĉd = 0.15 Pa·s (3.13×10−3 453 

lbf·s/ft2). All cases are initiated from the upper stable state and computed using third-454 

order and fifth-order truncations with each of the three trial function sets. 455 

Consistent with the earlier findings, the fifth-order results from all three mode 456 

sets converge to broadly the same response patterns in both figures. The buckling modes 457 

again exhibit superior convergence: their third-order predictions of the subharmonic 458 

region—both its extent and its tip forcing amplitude—match the converged fifth-order 459 

results more closely than those obtained with either set of vibration modes. This confirms 460 

that the conclusions drawn from the reference parameter set hold under the varied 461 

geometric and damping conditions considered here. In addition, the findings can be 462 

extended to the base-excitation case through an equivalent force transformation, 463 

whereas changes in boundary conditions or geometric slenderness would require 464 

modifying the trial functions or the beam model. Although such extensions lie beyond the 465 

scope of the present study, they represent worthwhile directions for future work. 466 

 467 

5. Conclusions 468 
 469 

This study investigates the convergence properties of three sets of trial functions, 470 

namely the straight-beam buckling modes, the straight-beam vibration modes, and the 471 

curved-beam vibration modes, in predicting the dynamic responses of a bistable curved 472 

beam. Numerical results show that a single-mode truncation captures the basic inter-well 473 

motion regions, and adding the second mode markedly lowers the predicted forcing 474 

amplitude required for inter-well motion at low forcing frequencies. Despite highly similar 475 
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low-order patterns across the three mode sets, these truncations fail to fully capture the 476 

primary resonance as well as the main superharmonics and subharmonics. At third order, 477 

significant discrepancies appear between the buckling modes and the two vibration 478 

modes in the subharmonic inter-well region. These discrepancies are traced to the 479 

different physical considerations governing the mode shapes: buckling modes inherently 480 

include axial force effects, whereas both vibration mode sets neglect them. An energy-481 

based analysis, comparing the ratio of the averaged axial potential energy to the averaged 482 

bending energy, confirms that the axial force plays a decisive role near the tip of this 483 

subharmonic region, thereby supporting the higher accuracy of the buckling-mode 484 

predictions. This inference is corroborated by the five-mode truncation results, as the 485 

results from all three sets of trial functions converge to broadly the same response 486 

patterns, and the tip frequencies of the inter-well region agree closely with that obtained 487 

using the third-order buckling truncation. This agreement also confirms that the buckling 488 

modes already yield qualitatively accurate predictions at the third order and converge 489 

appreciably faster. Independent finite element simulations further validate these findings, 490 

with both the steady-state response patterns and the axial-to-bending energy ratios 491 

matching the converged fifth-order results. A parametric study demonstrates that these 492 

conclusions hold across different initial arch heights and viscous damping levels. 493 

Taken together, these findings demonstrate that the buckling modes, by 494 

incorporating axial force effects into lateral dynamics, are better suited than the vibration 495 

modes for predicting the main dynamic properties of bistable curved beams. Meanwhile, 496 

owing to the shallow geometry of the beam and the shared simplification of neglecting 497 
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axial force effects, the two sets of vibration modes exhibit high similarity in both mode 498 

shapes and dynamic behaviors at each truncation order. The study further indicates that 499 

a five-mode truncation is generally required to fully capture the primary dynamic 500 

responses of the bistable curved beam. Overall, this work provides a clear physical 501 

rationale for selecting Galerkin trial functions and truncation orders for bistable curved 502 

beams, with potential implications for similar studies on bistable plates, shells, and three-503 

dimensional structures. 504 
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 522 

Based on the parameters and coordinate definitions introduced in Section 2.1, the 523 

bending potential energy of the curved beam is given by 524 

𝑈𝑈�b =
1
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Introducing the nondimensional quantities from Eq. (2) transforms this expression into 525 
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The lateral displacement is then expanded according to the discretization scheme in Eq. 526 

(4), leading to 527 

𝑈𝑈�b =
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Expanding the integrand and exchanging the orders of summation and integration yields 528 
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For notational brevity, we define 529 
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The bending potential energy then condenses to the compact quadratic form 530 
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We now turn to the axial (tension/compression) potential energy. During vibration, 531 

the length change of the beam is approximated by 532 
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The associated axial potential energy is therefore 533 
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Applying the nondimensionalization (2) produces the dimensionless counterpart 534 
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Inserting the modal expansion (4) gives 535 
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Interchanging summation and integration once more results in 536 
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Introducing the auxiliary quantities 537 
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allows the axial potential energy to be written concisely as 538 



Journal of Applied Mechanics 
 

30 
 

𝑈𝑈�s =
𝐸𝐸𝐸𝐸ℎ4

8𝐿𝐿3
(𝐪𝐪T𝐆𝐆s𝐪𝐪 − 𝑐𝑐s)2 (A13) 

To evaluate the energy ratio under steady-state conditions, we first compute the time-539 

averaged values of the axial and bending potential energies separately, and then take 540 

their ratio. This yields 541 
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where τ1 and τ2 are two nondimensional time instants chosen after the system has 542 

attained a steady state, and T = τ2 – τ1 is the corresponding time span. 543 

  544 
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Figure Captions List 706 
 707 

Fig. 1 Schematic of a clamped-clamped curved beam with its geometric 

parameters and under harmonic distributed excitation 

Fig. 2 Comparison of the first three buckling mode shapes (dashed lines), 

straight-beam vibration mode shapes (solid lines), and curved-beam 

vibration mode shapes (dotted lines), each normalized by its maximum 

value. In the main plot, the straight-beam and curved-beam vibration 

mode shapes are barely distinguishable. The inset provides a magnified 

view of the region where they diverge, highlighting the subtle difference 

between the straight- and curved-beam vibration modes. 

Fig. 3 Dynamic responses of the curved beam computed by the Galerkin method 

with truncation order n = 1. The six subfigures correspond to different 

initial states and trial functions: (a) upper stable state, buckling modes (ϕ 

= ϕb); (b) upper stable state, straight beam vibration modes (ϕ = ϕsv); (c) 

upper stable state, curved beam vibration modes (ϕ = ϕcv); (d) lower stable 

state, buckling modes (ϕ = ϕb); (e) lower stable state, straight beam 

vibration modes (ϕ = ϕsv); (f) lower stable state, curved beam vibration 

modes (ϕ = ϕcv). 

Fig. 4 Dynamic responses of the curved beam computed by the Galerkin method 

with truncation order n = 2. The six subfigures correspond to different 

initial states and trial functions: (a) upper stable state, buckling modes (ϕ 
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= ϕb); (b) upper stable state, straight beam vibration modes (ϕ = ϕsv); (c) 

upper stable state, curved beam vibration modes (ϕ = ϕcv); (d) lower stable 

state, buckling modes (ϕ = ϕb); (e) lower stable state, straight beam 

vibration modes (ϕ = ϕsv); (f) lower stable state, curved beam vibration 

modes (ϕ = ϕcv). 

Fig. 5 Dynamic responses of the curved beam computed by the Galerkin method 

with truncation order n = 3. The six subfigures correspond to different 

initial states and trial functions: (a) upper stable state, buckling modes (ϕ 

= ϕb); (b) upper stable state, straight beam vibration modes (ϕ = ϕsv); (c) 

upper stable state, curved beam vibration modes (ϕ = ϕcv); (d) lower stable 

state, buckling modes (ϕ = ϕb); (e) lower stable state, straight beam 

vibration modes (ϕ = ϕsv); (f) lower stable state, curved beam vibration 

modes (ϕ = ϕcv). 

Fig. 6 Dynamic responses of the curved beam computed by the Galerkin method 

with truncation order n = 5. The six subfigures correspond to different 

initial states and trial functions: (a) upper stable state, buckling modes (ϕ 

= ϕb); (b) upper stable state, straight beam vibration modes (ϕ = ϕsv); (c) 

upper stable state, curved beam vibration modes (ϕ = ϕcv); (d) lower stable 

state, buckling modes (ϕ = ϕb); (e) lower stable state, straight beam 

vibration modes (ϕ = ϕsv); (f) lower stable state, curved beam vibration 

modes (ϕ = ϕcv). 
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Fig. 7 Ratio of the average axial (tension/compression) potential energy 𝑈𝑈�s to 

the average bending potential energy 𝑈𝑈�b, evaluated at truncation order n 

= 3. The six subfigures correspond to different initial states and trial 

functions: (a) upper stable state, buckling modes (ϕ = ϕb); (b) upper stable 

state, straight beam vibration modes (ϕ = ϕsv); (c) upper stable state, 

curved beam vibration modes (ϕ = ϕcv); (d) lower stable state, buckling 

modes (ϕ = ϕb); (e) lower stable state, straight beam vibration modes (ϕ 

= ϕsv); (f) lower stable state, curved beam vibration modes (ϕ = ϕcv). 

Fig. 8 Validation of the five-mode buckling-mode Galerkin predictions against 

finite element analysis (FEA) for motions starting from the upper stable 

state. (a) Dynamic response types: the background reproduces the 

numerical results from Fig. 6(a); superimposed markers denote FEA 

predictions (green circles: vacillating, yellow diamond: intra-well). 

Additional FEA points are placed in the subharmonic region enclosed by 

the red dashed frame. (b) Axial-to-bending energy ratio: the background 

shows the numerical results, while dots mark FEA-computed ratios. The 

red dashed frame highlights the region of elevated energy ratio beneath 

the subharmonic vacillating zone, confirming the importance of axial 

force. 

Fig. 9 Effects of the initial arch height [h = 4.50 mm (0.177 in)] on the dynamic 

response predicted by the Galerkin method, starting from the upper stable 
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state. (a)–(c) Third-order truncation using buckling, straight-beam 

vibration, and curved-beam vibration modes, respectively. (d)–(f) Fifth-

order truncation with the same three mode sets. 

Fig. 10 Effects of the viscous damping coefficient [Ĉd = 0.15 Pa·s (3.13×10−3 

lbf·s/ft2)] on the dynamic response predicted by the Galerkin method, 

starting from the upper stable state. (a)–(c) Third-order truncation using 

buckling, straight-beam vibration, and curved-beam vibration modes, 

respectively. (d)–(f) Fifth-order truncation with the same three mode sets. 
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Table Caption List 710 
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Table 1 Values of basic parameters 
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Figures and Tables 714 

 715 
Fig. 1 Schematic of a clamped-clamped curved beam with its geometric parameters 716 
and under harmonic distributed excitation 717 
  718 
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 719 
Fig. 2 Comparison of the first three buckling mode shapes (dashed lines), straight-720 
beam vibration mode shapes (solid lines), and curved-beam vibration mode shapes 721 
(dotted lines), each normalized by its maximum value. In the main plot, the straight-722 
beam and curved-beam vibration mode shapes are barely distinguishable. The inset 723 
provides a magnified view of the region where they diverge, highlighting the subtle 724 
difference between the straight- and curved-beam vibration modes. 725 
  726 
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 727 
Fig. 3 Dynamic responses of the curved beam computed by the Galerkin method with 728 
truncation order n = 1. The six subfigures correspond to different initial states and trial 729 
functions: (a) upper stable state, buckling modes (ϕ = ϕb); (b) upper stable state, 730 
straight beam vibration modes (ϕ = ϕsv); (c) upper stable state, curved beam vibration 731 
modes (ϕ = ϕcv); (d) lower stable state, buckling modes (ϕ = ϕb); (e) lower stable state, 732 
straight beam vibration modes (ϕ = ϕsv); (f) lower stable state, curved beam vibration 733 
modes (ϕ = ϕcv). 734 
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 736 
Fig. 4 Dynamic responses of the curved beam computed by the Galerkin method with 737 
truncation order n = 2. The six subfigures correspond to different initial states and trial 738 
functions: (a) upper stable state, buckling modes (ϕ = ϕb); (b) upper stable state, 739 
straight beam vibration modes (ϕ = ϕsv); (c) upper stable state, curved beam vibration 740 
modes (ϕ = ϕcv); (d) lower stable state, buckling modes (ϕ = ϕb); (e) lower stable state, 741 
straight beam vibration modes (ϕ = ϕsv); (f) lower stable state, curved beam vibration 742 
modes (ϕ = ϕcv). 743 
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 745 
Fig. 5 Dynamic responses of the curved beam computed by the Galerkin method with 746 
truncation order n = 3. The six subfigures correspond to different initial states and trial 747 
functions: (a) upper stable state, buckling modes (ϕ = ϕb); (b) upper stable state, 748 
straight beam vibration modes (ϕ = ϕsv); (c) upper stable state, curved beam vibration 749 
modes (ϕ = ϕcv); (d) lower stable state, buckling modes (ϕ = ϕb); (e) lower stable state, 750 
straight beam vibration modes (ϕ = ϕsv); (f) lower stable state, curved beam vibration 751 
modes (ϕ = ϕcv). 752 
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 754 
Fig. 6 Dynamic responses of the curved beam computed by the Galerkin method with 755 
truncation order n = 5. The six subfigures correspond to different initial states and trial 756 
functions: (a) upper stable state, buckling modes (ϕ = ϕb); (b) upper stable state, 757 
straight beam vibration modes (ϕ = ϕsv); (c) upper stable state, curved beam vibration 758 
modes (ϕ = ϕcv); (d) lower stable state, buckling modes (ϕ = ϕb); (e) lower stable state, 759 
straight beam vibration modes (ϕ = ϕsv); (f) lower stable state, curved beam vibration 760 
modes (ϕ = ϕcv). 761 
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 763 
Fig. 7 Ratio of the average axial (tension/compression) potential energy 𝑼𝑼�𝐬𝐬  to the 764 
average bending potential energy 𝑼𝑼�𝐛𝐛 , evaluated at truncation order n = 3. The six 765 
subfigures correspond to different initial states and trial functions: (a) upper stable 766 
state, buckling modes (ϕ = ϕb); (b) upper stable state, straight beam vibration modes 767 
(ϕ = ϕsv); (c) upper stable state, curved beam vibration modes (ϕ = ϕcv); (d) lower stable 768 
state, buckling modes (ϕ = ϕb); (e) lower stable state, straight beam vibration modes (ϕ 769 
= ϕsv); (f) lower stable state, curved beam vibration modes (ϕ = ϕcv). 770 
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 772 
Fig. 8 Validation of the five-mode buckling-mode Galerkin predictions against finite 773 
element analysis (FEA) for motions starting from the upper stable state. (a) Dynamic 774 
response types: the background reproduces the numerical results from Fig. 6(a); 775 
superimposed markers denote FEA predictions (green circles: vacillating, yellow 776 
diamond: intra-well). Additional FEA points are placed in the subharmonic region 777 
enclosed by the red dashed frame. (b) Axial-to-bending energy ratio: the background 778 
shows the numerical results, while dots mark FEA-computed ratios. The red dashed 779 
frame highlights the region of elevated energy ratio beneath the subharmonic 780 
vacillating zone, confirming the importance of axial force. 781 
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 783 
Fig. 9 Effects of the initial arch height [h = 4.50 mm (0.177 in)] on the dynamic response 784 
predicted by the Galerkin method, starting from the upper stable state. (a)–(c) Third-785 
order truncation using buckling, straight-beam vibration, and curved-beam vibration 786 
modes, respectively. (d)–(f) Fifth-order truncation with the same three mode sets. 787 
  788 
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 789 
Fig. 10 Effects of the viscous damping coefficient [Ĉd = 0.15 Pa·s (3.13×10−3 lbf·s/ft2)] on 790 
the dynamic response predicted by the Galerkin method, starting from the upper stable 791 
state. (a)–(c) Third-order truncation using buckling, straight-beam vibration, and 792 
curved-beam vibration modes, respectively. (d)–(f) Fifth-order truncation with the 793 
same three mode sets. 794 
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Table 1 Values of basic parameters 796 
Item Notation Value 

Beam span L 0.06 m (2.36 in) 

Beam width b 0.01 m (0.394 in) 

Beam thickness c 1×10−3 m (0.0394 in) 

Beam initial arch height h 5.22×10−3 m (0.206 in) 

Beam density ρ 1082 kg/m3 (67.55 lb/ft³) 

Young’s modulus E 0.74 MPa (107.3 psi) 

Gravity acceleration ĝ 9.8 m/s2 (32.2 ft/s2) 

Viscous damping coefficient Ĉd 0.2 Pa·s (4.18×10−3 lbf·s/ft2) 
 797 


