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ABSTRACT

Dynamic excitation enables rapid state switching of bistable beams under small forcing amplitudes, yet a
controllable switching strategy relies on accurate prediction of beam dynamics. The Galerkin method offers
a reliable and efficient approach, but the choice of trial functions varies across studies, leaving the optimal
selection for both efficiency and accuracy unresolved. This paper investigates three most commonly used
modal sets for a bistable curved beam: straight-beam buckling modes, straight-beam vibration modes, and
curved-beam vibration modes. Substituting these trial functions into the governing equation with increasing
truncation orders, we numerically compute and compare the dynamic response patterns. One-mode and

two-mode truncations yield similar patterns across the three sets but fail to fully capture the primary
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resonance and main harmonic regions. The three-mode truncation, however, reveals significant
discrepancies in the subharmonic inter-well region between the buckling modes and the two vibration
modes. These discrepancies arise from the axial force effects included in the buckling problem but neglected
in the vibration problems, a mechanism substantiated by an axial-to-bending energy ratio analysis. This
indicates faster convergence of the buckling modes, which is confirmed by the five-mode results, where all
predictions converge and agree qualitatively with the three-mode buckling predictions. Finite element
simulations and a parametric study further validate these findings. The study demonstrates that the buckling
modes exhibit superior convergence and that a five-mode truncation is generally required to capture the full
dynamics, providing a clear and reasoned basis for selecting trial functions and truncation order for bistable

curved beams.

Keywords: Galerkin method, bistable curved beam, buckling mode shapes, vibration mode shapes, nonlinear

dynamics, convergence

1. Introduction

Bistable structures, characterized by two distinct stable equilibrium states, offer a
compelling paradigm for reconciling the inherent trade-off between large deformability
and low static power consumption [1,2]. Unlike conventional linear systems, they require
no persistent external energy to maintain either configuration [3]. This unique attribute
has spurred their extensive adoption in advanced applications ranging from
reconfigurable metamaterials [4,5] and shape-morphing actuators [3,6], to
microelectromechanical systems (MEMS) [7] and broadband energy harvesters [8,9].

Among the diverse forms of bistable structures, the bistable beam stands out as

the most fundamental one-dimensional element. Owing to its structural simplicity and
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well-defined mechanics [10,11], it serves as an ideal platform for revealing the nonlinear
dynamic behaviors inherent to bistable structures. Bistable beams generally fall into two
categories: buckled beams and pre-shaped curved beams. A buckled beam is typically
realized by applying axial compression to an initially straight beam, leading to elastic
buckling that produces two laterally symmetric stable equilibria [12,13]. In contrast, the
pre-shaped curved beam derives its bistability from an initial geometric curvature, thus
eliminating the need for external prestressing. This not only simplifies both fabrication
and assembly, but also facilitates micro-scale integration [14,15]. As a result, the curved
beam has attracted considerable research attention in recent years. For instance, Ueno
et al. [16] integrated bistable curved beams into a frequency conversion interposer for a
MEMS vibration energy harvester to enhance power generation efficiency. By tuning the
geometric parameters of the curved beam, the threshold acceleration required to trigger
snap-through can be adjusted, enabling the system to respond effectively to various
ambient vibration frequencies. The output energy can be increased up to 1.69 times,
demonstrating the effectiveness of this approach in energy harvesting. Huang et al. [17]
proposed a single-actuator bistable microdevice. By pushing different rods to apply
moments for state transitions, the device can remain in either stable state without any
latching mechanism. Experiments demonstrated reliable switching at a maximum rate of
approximately 40 Hz with an actuation voltage of 10 V. Zhang et al. [18] combined two
curved beams in parallel to form a unit cell for a metastructure. By leveraging the

bistability of the curved beams and tuning the geometric parameters, the unit cell can
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achieve either translational or rotational stable states. This provides a promising strategy
for designing adaptive structures capable of large rotations and translations.

To achieve controllable switching between the two stable states, classical
methods mainly rely on quasi-static loading [19]. However, this approach often suffers
from a large critical switching force and slow response [20]. Recent research has therefore
turned to dynamic excitation strategies [21,22]. Bonthron and Tubaldi [23] applied the
Galerkin method to investigate the frequency response and steady-state behavior of both
hinged-hinged shallow buckled beams and curved beams under harmonic lateral
excitation. Their results, particularly when truncating to the third mode, revealed that
inter-well motion can occur even under relatively small forcing amplitudes near the first
natural frequency of the linearized system around equilibria. This implies that, by applying
harmonic or other time-varying excitations and leveraging the inertial and resonance
properties of bistable systems to induce dynamic instability, the required excitation
amplitude for snap-through can be significantly reduced [20,24]. Consequently, swift and
efficient state switching becomes feasible, laying a theoretical foundation for high-
performance smart actuation systems.

The realization of dynamic excitation strategies, however, hinges on the accurate
prediction of bistable system dynamics. The Galerkin method, as one of the classical and
efficient approaches for solving distributed-parameter system dynamics [25], offers a
practical route toward this goal. As a prominent member of the weighted residual
methods, it typically adopts identical trial and test functions to reduce the governing

partial differential equations to a finite set of ordinary differential equations. To ensure
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convergence under high-order truncation, the trial functions need to be selected from a
complete set of orthogonal functions [26]. Yet, the question of how to choose trial
functions that simultaneously achieve rapid convergence and maintain high accuracy in
practical problems remains open. Classically, trial functions are chosen as the
eigenfunctions of the linearized system, as this enables convenient equation decoupling
and substantially simplifies the computation. In the context of curved beam dynamics,
the eigenfunctions are typically the vibration mode shapes of either a straight beam or
the curved beam itself [27]. Xiao et al. [28,29] adopted curved-beam vibration modes as
trial functions in the Galerkin reduction of the dynamic equation for MEMS arch beams.
By studying the reduced equations truncated to the first order, they investigated the
synchronization time and the dual-jump property of the beam, respectively. Ouakad and
Younis [30] examined the convergence behavior of these two sets of vibration modes by
evaluating the static displacement of MEMS curved beam structures. Their results
showed negligible discrepancy between the two sets at the fifth truncation order, where
both had already converged, yet the straight-beam vibration modes incurred a much
lower computational cost. This finding subsequently motivated the adoption of straight-
beam vibration modes in their later work [31,32]. Apart from vibration modes, some
researchers have instead adopted the buckling modes of a straight beam to reduce the
dynamic equations of bistable beams, a choice particularly well-studied for capturing
their force-displacement relationships and snap-through characteristics [33-35]. Hasan et
al. [20], for example, employed the buckling modes as trial functions in a Galerkin

discretization of the buckled beam’s dynamical equation. By truncating to the first mode
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and solving the resulting system numerically, they revealed how a static bias force
reshapes the parameter region of dynamic excitation for switching behaviors, thereby
controlling the reliable operating space. Wu et al. [36] adopted the first buckling mode
within the Galerkin framework to systematically explore how gravity and initial curvature
affect the symmetry-breaking dynamic behavior of the curved beam, with both numerical
and analytical predictions validated through experiments. This divergence in practice
once again raises a key question: which set of trial functions can deliver both fast
convergence and accurate dynamic predictions under low-order truncation for a bistable
system? For bistable curved beams specifically, the question thus boils down to a
systematic comparison among three candidate sets of trial functions: the straight-beam
vibration mode shapes, the curved-beam vibration mode shapes, and the straight-beam
buckling mode shapes.

Moreover, the truncation order in the Galerkin method significantly influences the
accuracy of the predicted beam dynamics. For pinned-pinned bistable beams, Bonthron
and Tubaldi [23] numerically computed the steady-state response using single-mode and
three-mode Galerkin truncations, respectively. The significant discrepancies between
these results clearly demonstrate the necessity of higher-order truncations to fully
capture the dynamic behavior. Librandi et al. [37] expanded the lateral displacement of
pinned-pinned bistable beams using sine-series modes to study their snap-through
properties, and found that the numerical results converged after the third-mode
truncation, which was subsequently validated by experimental measurements. For

clamped-clamped beams, however, the convergence requirements can differ. Ouakad
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and Younis [30] demonstrated that a five-mode truncation is required for acceptable
convergence in calculating the static deflection of a shallow MEMS arch. The same
truncation order was adopted for their subsequent dynamic analysis, although a
dedicated convergence study for the dynamic case was not performed. Furthermore,
Chen et al. [38] proposed two schemes, based on the natural frequencies of the
corresponding linear conservative system, to determine the convergent truncation order
for beams on elastic foundations. However, the applicability of these schemes to
clamped-clamped bistable beams has not been verified. Together, these observations
highlight the need to identify a suitable truncation order for converged dynamic
predictions of bistable curved beams.

In this paper, a sinusoidal pre-shaped curved beam is adopted to investigate the
dynamic behavior patterns and convergence properties associated with three commonly
used sets of Galerkin trial functions. The governing equation is discretized via the Galerkin
method, and the steady-state responses are computed numerically using each set at
increasing truncation order and mapped onto the same parameter plane of forcing
amplitude and frequency for direct comparison. The results reveal discrepancies among
the different trial function sets and truncation orders, yet all converge at a five-mode
truncation. These discrepancies are traced to the distinct physical considerations
underlying the buckling and vibration problems. Finite element simulations confirm the
accuracy of the converged Galerkin predictions, and a parametric study demonstrates
that the conclusions hold under varied geometric and damping conditions. This paper

provides researchers with a clear and reasoned basis for selecting appropriate trial
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functions and truncation orders when analyzing bistable beam dynamics. The remainder
of the paper is organized as follows: Section 2 formulates the dynamical model and
derives the discretized equations; Section 3 presents and compares the numerical results
for ascending truncation orders; Section 4 provides the finite element validation and

parametric study; and Section 5 summarizes the conclusions.

2. Dynamic analysis and Galerkin discretization

2.1. Dynamic model of the curved beam

Consider a homogeneous curved beam with span L, width b and thickness ¢,
subjected to clamped-clamped boundary conditions, as shown in Fig. 1. The beam has a
constant cross-sectional area A, moment of inertia | = bc3/12, and an initial stress-free
profile Wy (X) = —h/2 - [1 — cos(2mX/L)], where h denotes the initial arch height. The
material properties are defined by the density p and Young’s modulus E. The beam is
oriented vertically with its arch directed upward, and its own weight acts as a uniformly
distributed load, with § representing the gravitational acceleration. Under a harmonic
distributed excitation, the equation of motion for the lateral displacement W (%, £) is given

by [37]

92 at 9%t ox*

EA J‘L (0147)2 <0W0)2 " ’w (99)
2L |J, |\oz oz ) | 4% g5z =/ cos

’w . OW otw  0*w,
pA —g|+C4 +EI -

(1)

N
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187  where (4 is the damping coefficient, f and 2 are the excitation amplitude and angular

188  frequency, respectively.

189 Introducing the nondimensional parameters as follows:
w Wy t X pAL*
WER WeSg tEp X=p T:‘/ T
(2)
T? h Cql? fL*
9=794 Q=2 Cd=m; f =%

190  Equation (1) can therefore be transformed into
0*w ic ow N o*w  d*w,
ot? d9r " \ox*  oxt

~oe*{[ [(3_;”)2 _(%)2] e} 32 = fcos(@)

(3)

191

192 2.2. Galerkin discretization
193

194 Equation (3) is then solved using the Galerkin truncation method, where the
195 nondimensional displacement w(x,t) is expressed as a linear combination of trial functions

196  ¢i(x) with corresponding generalized displacements gi(t):

Wt = ) (O (@
i=1

197  Substituting Eq. (4) into Eq. (3) yields the following discretized equation:
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n n n

d*q; dg; d*e; d*do

<Z¢" ar? —9>+Cd2¢fa+ dxt I e
i=1 i=1 i=1

1 = de; dob
— 6Q? U > (5)
0

dx dx
d = d2¢,
(;f:) ]dx}( d_iql> £ cos(AT?)

1<i<ksn

198  where

Po(x) = wy(x) = —%[1 — cos(2mx)] (6)

199 By multiplying both sides of Eq. (5) by ¢ and then integrating from 0 to 1, the equation

200  can be rewritten as

n
Sy Tl cdz <Z Kiqy + 60 AOZB,lql> - Fyg

i=1
i (7)
—60? zAqu + 2 Z Cirq:iqx ZB]lCIl :ijCOS(QTt)'
1<i<ksn
j=12,-,n
201 where
1 d*¢; d¢o
M;; Z.f bip;dx, K;; :j lqu dx, Ay —f (dxo) dx,
0 0
0
1 1d4¢ d¢
0 i
szfod’jdx' szjW‘pidx' Ai_jo (dx) dx, )
0
dz(l)l dd) dd)k .
Bﬂzjd2¢]dx C”‘_Odld dx (i <k)
0
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Note that the operations of integration and summation are interchangeable for a finite

discretisation order n and continuous trial function ¢i(x) on [0,1].

As introduced in the Introduction, we consider three commonly used types of trial

functions for curved beams: the buckling mode shapes of straight beams (hereinafter

simply “buckling mode shapes” for brevity), the vibration mode shapes of straight beams,

and the vibration mode shapes of curved beams. Their explicit expressions are given as

follows.

For the buckling mode shapes, we have

b7 (x)
1
E[l — cos(N;x)] N, =({+ Dm, i=13,-
11 2 sin(N;x) ]
5 1 —2x — cos(N;x) +T N; = 2.86m,4.92m,--- i =24,
i

The vibration mode shapes of straight beams are expressed as

cos f5; — cosh f3;
sin 5; — sinh S;

¢V (x) = cos B;x — cosh B;x — (sin B;x — sinh B;x)

where 8, is governed by
cosf;coshp; =1
The vibration mode shapes of curved beams take the form [27]
V(x) = ¢y sin \/Ex + ¢, cos \/Ex + c;3 sinh \/Z-x + cj4 cosh \/Z-x
+ ¢j5 cos 2mx

where the coefficients ¢ (j = 1,2,...,5) and the parameter a; satisfy

(9)

(10)

(11)

(12)

11



214

215

216

217

218

219

220

221

222

223

224

Journal of Applied Mechanics

( Ciz + Cia +Ci5 =0
cptcz=0

ci1 Sin,/a; + ¢, cos/a; + ¢;3 sinh\/a; + ¢4 cosh Ja; + c;s =0
\ Ci1 COS . /a; — C;p sin/a; + c;3 cosh \/a; + ¢;4 sinh/a; =0 (13)
Cin{i cos Jax) = cip(B sin Jarx) <w2 ) L

i5 =

) - _ + cjz | =—= — 9m?
U [+cia(do cosh Japx) + cia{dg sinh [a;x)

212

Here, the angle brackets denote the inner product (f(x)g(x)) = folf(x)g(x)dx, and
the reference initial shape is defined as ¢o(x) = |po(x)| = [1 — cos(2mx)]/2. These
trial functions inherently satisfy the clamped-clamped boundary conditions. For bistable
curved beams, to facilitate comparison of dynamic responses obtained using different

trial functions, time is rescaled based on a common reference frequency as

T
= t = t=
T Wref Wref (14)
where
K2 + 60Q2A,BP 302 — 4
Wref = |~ H Qb 11 _ 22 —Q (15)
Mll 3

in which K&, BY,, and MP, are coefficients derived from the buckling mode shapes gb}’(x).
It follows from Eq. (15) that the system possesses bistability only when Q is greater than
2v/3/3.
Substituting Eq. (14) into Eq. (7) leads to
n n n

Z M;iG; + 52 M;;q; + z Kiq; — S; — F;,g — N;(@) = Ef cos(w1),

i=1 i=1 i=1 (16)
j=12,-,n

where

12
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C - K:; + 60Q%A,B;; - S;
§=—%, K=~ (22 =, §=—
Wref Wyef Wref
=_ b ar
., = , w = ) 17
! Wiof Wref (7)
N,-(q)— (ZAlql +2 z Clkqlqk> <ZB]lCIl>'
ref 1<i<k<sn

q= (91,92, q)"
and the overdot denotes differentiation with respect to time t. Equation (16) reveals that

the system dynamics are governed by several key components: the coupling effect of the
mass matrix, the linear and nonlinear stiffness terms, and constant biases arising from the
initial curvature and gravitational force. Moreover, by choosing the first buckling mode

shape as the reference, the nondimensional forcing amplitude is defined as

FP MP, w?
F=—1 f = f= n—bMF (18)
Mllwref Fl

where F1b denotes the coefficient obtained from the first buckling mode shape.

Substituting Eq. (18) into Eq. (16) yields

n n n
Z M;;q; + 52 M;;q; + Z Kiiqi—S; — F,g — N;(q@) = y;F cos(w1),
i=1 i=1 i=1

(19)
j=12,,n
where
b
v = Az—}ll’j (20)
Equation (19) can also be written in vector form as
Mg + 6Mq + Kq — S — gF — N(q) = FT cos(wt) (21)

where

13
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g - (S~1,§2, ,gn)T;

=

- [Mji]nxn’ K= [k}i]nxn'

F=(F,Fy B, N@ = (No(q), No(@), -, Np (@), (22)

I= (Vl: Y2, Vn)T

Equation (21) [or (19)] is now in the form suitable for numerical computation in the
parameter space of forcing amplitude F and frequency w, enabling the comparison of
dynamic responses derived from various trial functions up to any desired order n. The
initial condition is defined as qo = (g10, G20, ..., gno)", which satisfies the following equation
when time derivatives and external force in Eq. (21) are set to zero:

Kqy—S—gF—N(qp) =0 (23)

3. Numerical analysis
3.1. Low-order truncation

With the governing equations established, we now proceed to numerical analysis.
Following the classification and criteria established in [20,24], the beam’s dynamic
responses are categorized into four types:

(1) Switching: The vibration starts from one stable state, transitions to the other,
and never returns to the initial state;

(2) Reverting: The system also undergoes inter-well motion from the initial
equilibrium to the other, but ultimately returns to the initial stable state and never jumps

again;

14
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(3) Vacillating: The system continuously switches back and forth between the two
stable states without settling into either one;

(4) Intra-well: The system vibrates solely around the initial stable state and never
transitions to the other potential well.
The first three types are collectively referred to as inter-well motions due to their well-
crossing behavior. To determine the steady-state motion type, we compare the mid-point
displacement during vibration with the saddle displacement, which indicates whether the
system has transitioned to the other potential well.

Before performing dynamic simulations, we first examine the mode shapes of the
three trial function sets to gain an intuitive impression of their differences. Using the

parameter values listed in Table 1 and the expressions given in Egs. (9)—(13), we plot the

first three mode shapes of each set in Fig. 2, each normalized by its maximum value. The
figure reveals that the first two mode shapes are highly similar across all three sets. For
the third mode, however, the buckling-mode shape clearly deviates from the two
vibration-mode shapes, suggesting that discrepancies may arise when the truncation
order reaches three. In contrast, the straight-beam and curved-beam vibration mode
shapes remain nearly identical across all three orders.

We begin the dynamic analysis with a single-mode truncation, which also serves
to capture the essential dynamic characteristics of the curved beam. Setting the
truncation order to n =1 and employing the parameters in Table 1, the dynamic responses
in the (w,F) plane are computed using the fourth-order Runge-Kutta method, as shown in

Fig. 3. The forcing amplitude F ranges from 0.03 to 0.60, and the angular frequency w

15
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ranges from 0.2 to 3.0, covering the main resonance region as well as the primary
superharmonics and subharmonics.

The results in Fig. 3 show that the inter-well motion region exhibits multiple self-
similar V-shaped patterns in the (w,F) plane. Within each V-shaped region lies a smaller,
similarly V-shaped central area corresponding to vacillating motion for the primary
resonance and superharmonics. In the main resonance region, feather-shaped areas
where switching and reverting motions are intermingled are observed flanking the right
boundary of its vacillating region [24]. The subharmonics region, located at approximately
twice the frequency of the primary resonance tip, requires a sufficiently large forcing
amplitude to trigger inter-well motion. The figure also demonstrates the high similarity
between the dynamic responses obtained using the buckling, straight-beam vibration,
and curved-beam vibration mode shapes when the truncation order is set to n = 1.

The truncation order is further extended to n = 2, which includes the asymmetric
mode ¢;. Similarly, the dynamic responses are computed using the three sets of trial
functions and presented in Fig. 4. The results again show high similarity between the three
mode shapes, but deviate from those obtained with the first-order truncation (Fig. 3).
Although the frequencies at the tips of the inter-well region generally align with the first-
order results, the required forcing amplitude decreases significantly, particularly for the
superharmonics. Within the inter-well region for w < 2.0, vacillating motion dominates,
while switching and reverting motions are confined to narrow bands near the boundary.
The minimum forcing amplitude remains largely unchanged at low forcing frequencies,

but increases dramatically after w = 1.5, forming a sharp right boundary of this region.

16
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The subharmonics region retains its V-shaped structure, with all four motion types

interwoven.

3.2. High-order truncation

To accurately capture the effects of strong nonlinearity and fully predict the
complete dynamics of the curved beam, high-order truncation is required. Using the same
numerical method to solve Eq. (19), the system’s dynamic responses are computed for a
truncation order of n = 3, with the results shown in Fig. 5.

Figure 5 reveals similar dynamic responses between all three sets of trial functions
at low forcing frequencies, for both upper and lower initial states. However, discrepancies
appear at high frequencies (1.9 < w < 2.5) and large forcing amplitude (0.3 < F< 0.6). In
this region, when the motion is initiated from the upper stable state, all three mode sets
predict V-shaped inter-well regions. However, the region predicted by the buckling modes
is significantly larger, exhibiting a lower tip forcing amplitude and a wider frequency range
under a given amplitude, while the two vibration mode shapes yield nearly identical
results. Conversely, when initiated from the lower stable state, the buckling modes yield
a distinct V-shaped vacillating region, whereas both straight-beam and curved-beam
vibration modes produce switching behavior in the tip region, forming a W-shaped
vacillating region above.

Moreover, a comparison of the results for truncation order n = 3 with those for
lower orders (n = 1,2) reveals that the dependence of the dynamic patterns on the initial

state becomes significantly more pronounced at higher order. At this higher truncation

17
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order, the system tends to vibrate around the lower stable state at low forcing
frequencies (0.2 < w < 0.6) and small forcing amplitudes, and around the upper stable
state at relatively high frequencies (1.0 < w < 2.2) and large amplitudes. Consequently,
when initiating from the upper stable state, the dynamic responses exhibit switching
behavior followed by intra-well motion as the forcing frequency and amplitude increase.
In contrast, when starting from the lower stable state, the system exhibits intra-well
motion followed by switching behavior in the corresponding parameter regions. Under
lower-order truncations, however, the system displays similar dynamic behavior in the
same parameter regions irrespective of the initial state, as shown in Fig. 3 and Fig. 4.
Given the discrepancies between the three sets of modal results at high forcing
frequencies and large amplitudes, we seek to determine which provides more accurate
predictions. To this end, we increase the truncation order to n = 5 and compute the
dynamic response patterns in the (w,F) plane, as shown in Fig. 6. The results reveal
broadly similar dynamic response patterns across all three mode sets over the studied
parameter plane. More importantly, within the region where discrepancies were
previously observed, all three mode sets now exhibit a scattered inter-well region when
the motion is initiated from the upper stable state. Although this region does not fully
coincide with the one obtained using buckling modes at n = 3 [Fig. 5(a)], the lower-order
prediction still captures the inter-well motion qualitatively, with the tip occurring at
comparable forcing frequencies and amplitudes. This indicates that the buckling modes
converge faster than both vibration mode sets in solving the curved beam dynamics.

Specifically, a third-order truncation using the buckling modes is already sufficient to

18
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gualitatively capture the main resonance as well as the primary superharmonics and
subharmonics, whereas the vibration modes require a higher-order truncation (e.g., fifth-
order) to achieve comparable performance.

Furthermore, for all three mode sets, the dynamic behavior patterns at low forcing
frequencies (0.2 < w < 1.7) agree well with the third-order truncation results in Fig. 5. This
confirms that a third-order truncation is largely sufficient to accurately predict the
system’s primary resonance behavior in the (w,F) plane.

While the fifth-order truncation results validate the accuracy of the third-order
approximation, a key question remains: why do the dynamic behavior patterns at high
forcing frequencies differ between the buckling modes and the vibration modes? These
discrepancies can be intuitively attributed to the marked difference between the third-
order mode shape of the buckling modes and those of the vibration modes, as illustrated
in Fig. 2. This difference, in turn, stems from the distinct governing equations that define
the buckling and vibration problems, respectively. Specifically, the buckling mode shapes
defined in Eq. (9) are obtained by solving

El d'w + P d*w
dx* dx?

=0 (24)
under clamped-clamped boundary conditions, where P denotes the axial force. In

contrast, the straight-beam vibration mode shapes defined in Eq. (10) are derived from

0%w o*w

under the same boundary conditions, in which the axial force is not considered. As for the

curved-beam vibration mode shapes defined in Eqg. (12), although their derivation
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accounts for the initial curvature of the beam, it also neglects axial inertia and assumes
that the axial displacement is entirely induced by the lateral motion [27]. Consequently,
they share the same fundamental simplification as the straight-beam vibration modes.
The governing equation (1) of the beam dynamics, however, contains a nonlinear term
that originates from axial tension/compression, which governs the overall system
dynamics. This term reveals the effect of axial force on the lateral dynamics. Due to the
relatively shallow geometry of the curved beam (c/L = 0.087), the conclusion for straight
beams, namely that the axial resonance frequency is higher than the lateral one [39,40],
can be reasonably extended to the present case. Therefore, under high-frequency
excitation, the influence of axial vibration becomes significant, suggesting that the
buckling modes, which incorporate the coupled transverse-axial effect, may capture the
true dynamic behavior at high frequencies. Consequently, the system’s dynamic
responses could be accurately predicted even with a low-order truncation. In contrast,
the vibration modes consider only lateral motion, which may lead to distortion in the
computed dynamic responses under low-order truncation. Furthermore, the shallow
geometry, together with the shared simplification principles, explains the near-perfect
overlap of the straight-beam and curved-beam mode shapes shown in Fig. 2, as well as
the high similarity of their dynamic response patterns at each truncation order.

To further validate the explanation regarding the role of axial force, we quantify
its significance in terms of the relative energetic contributions of axial versus bending
deformation during the steady-state response. Specifically, we compute the ratio of the

average axial (tension/compression) potential energy U; to the average bending

20



383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

Journal of Applied Mechanics

potential energy Uy,. A larger value of this ratio indicates a comparatively more important
role of axial force relative to bending. Following the detailed derivation presented in
Appendix A, this energy ratio is evaluated numerically over the (w,F) plane for a truncation
order of n = 3. The results are presented in Fig. 7.

Figure 7 reveals two regions with a large axial-to-bending energy ratio for both
initial states. Of these two regions, the one located at low forcing frequencies shows good
agreement among the three sets of trial functions, whereas the one at high frequencies
exhibits a clear discrepancy between the predictions by the buckling modes and those by
the vibration modes. Specifically, when the motion starts from the upper stable state, the
high-frequency region forms a “<”-shaped feature, whose tip possesses the largest energy
ratio and is located close to the tip of the V-shaped inter-well region in Figs. 5(a)—(c).
Therefore, in agreement with the V-shaped pattern, the forcing amplitude at the “<”-
shaped tip computed using the buckling modes is significantly smaller than that obtained
using the vibration modes. For all choices of mode shapes, moreover, the lower boundary
of this high-frequency region coincides with the extension of the left boundary of the V-
shaped region, while the upper boundary generally aligns with the right boundary of the
V-shaped region. Within the “<”-shaped region, the energy ratio decreases radially from
the tip toward the high-frequency side. The results for the lower initial state exhibit
similar characteristics, albeit with a more scattered lower boundary compared to the
sharp boundary observed in the upper-state case.

These findings demonstrate that the axial force plays a significant role at the tip

of the “<”-shaped region, thereby influencing the exact location of the V-shaped inter-
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405  well region. Consequently, incorporating axial force effects into the trial functions is
406  crucial for reduced-order models to faithfully capture the true dynamics of the system.
407  This validates the rationality of the previous discussion and confirms the superior

408  performance of buckling mode shapes in predicting steady-state responses.

409
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4. Validation and parametric study

4.1. Finite element validation

To validate the accuracy of the analytical predictions, a finite element model is
constructed in Abaqus 2024. The geometry is generated directly from the initial shape
function W, (X) with the parameters listed in Table 1, and the corresponding material
properties are assigned. Mass-proportional Rayleigh damping is adopted with a
coefficient a = f‘d/pA ~ 18.48 s~ 1, matching the viscous damping coefficient €4 used in
the theoretical model. Both ends are fully clamped, and the beam is subjected to gravity
together with a uniformly distributed harmonic excitation. An implicit dynamic analysis is
performed with geometric nonlinearity enabled, and the mid-point displacement is
recorded to identify the steady-state motion type according to the same classification
criterion applied to the Galerkin results.

Figure 8(a) superimposes the finite element predictions (circular and diamond-
shaped markers) for motions initiated from the upper stable state onto the background
of the fifth-order buckling-mode Galerkin results. To examine the convergence of the
fifth-order truncation more closely, additional simulation points are placed in the
subharmonic resonance region indicated by the red dashed frame. The finite element
results agree well with the Galerkin predictions, confirming both the correctness of the
numerical model and the convergence of the fifth-order Galerkin solution.

To further verify the role of the axial force that underlies the faster convergence

of the buckling modes, the time-averaged ratio of axial potential energy to bending
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potential energy is also evaluated from the finite element simulations. The bending and
axial energies are computed from the sectional moment M(%, t) and axial force N(%, ©),

integrated along the beam and averaged over a steady-state time interval:

_ &, L N?(R,0) . i»
Uy (o 0 H2GD
i Jo =2t 4%t

Here [£;, t,] is a time window after the steady state has been reached. Figure 8(b) plots
these simulated energy ratios (dotted markers) against the background of the fifth-order
buckling-mode numerical results for motions initiated from the upper stable state. Similar
to the third-order results in Figs. 7(a)—(c), both the numerical and finite element results
exhibit a distinct region of elevated energy ratio beneath the subharmonic vacillating
zone, as highlighted by the red dashed frame. This agreement confirms the significant
contribution of the axial force in this region, which explains why the buckling modes—
being derived from a problem that intrinsically includes axial force effects—achieve a
faster convergence than the vibration modes. The consistency between the finite element
and numerical results further corroborates the validity of the proposed Galerkin

framework.

4.2. Parametric study

The preceding analysis relies on a specific set of parameter values. To assess the
generality of the conclusions, we vary the initial arch height h and the viscous damping

coefficient €4 independently. Figure 9 shows the dynamic responses for h = 4.50 mm

24



453

454

455

456

457

458

459

460

461

462

463

464

465

466

467

468
469

470

471

472

473

474

475

Journal of Applied Mechanics

(0.177 in), while Fig. 10 presents the corresponding results for €4 = 0.15 Pa-s (3.13x1073
Ibf-s/ft?). All cases are initiated from the upper stable state and computed using third-
order and fifth-order truncations with each of the three trial function sets.

Consistent with the earlier findings, the fifth-order results from all three mode
sets converge to broadly the same response patterns in both figures. The buckling modes
again exhibit superior convergence: their third-order predictions of the subharmonic
region—both its extent and its tip forcing amplitude—match the converged fifth-order
results more closely than those obtained with either set of vibration modes. This confirms
that the conclusions drawn from the reference parameter set hold under the varied
geometric and damping conditions considered here. In addition, the findings can be
extended to the base-excitation case through an equivalent force transformation,
whereas changes in boundary conditions or geometric slenderness would require
modifying the trial functions or the beam model. Although such extensions lie beyond the

scope of the present study, they represent worthwhile directions for future work.

5. Conclusions

This study investigates the convergence properties of three sets of trial functions,
namely the straight-beam buckling modes, the straight-beam vibration modes, and the
curved-beam vibration modes, in predicting the dynamic responses of a bistable curved
beam. Numerical results show that a single-mode truncation captures the basic inter-well
motion regions, and adding the second mode markedly lowers the predicted forcing

amplitude required for inter-well motion at low forcing frequencies. Despite highly similar
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low-order patterns across the three mode sets, these truncations fail to fully capture the
primary resonance as well as the main superharmonics and subharmonics. At third order,
significant discrepancies appear between the buckling modes and the two vibration
modes in the subharmonic inter-well region. These discrepancies are traced to the
different physical considerations governing the mode shapes: buckling modes inherently
include axial force effects, whereas both vibration mode sets neglect them. An energy-
based analysis, comparing the ratio of the averaged axial potential energy to the averaged
bending energy, confirms that the axial force plays a decisive role near the tip of this
subharmonic region, thereby supporting the higher accuracy of the buckling-mode
predictions. This inference is corroborated by the five-mode truncation results, as the
results from all three sets of trial functions converge to broadly the same response
patterns, and the tip frequencies of the inter-well region agree closely with that obtained
using the third-order buckling truncation. This agreement also confirms that the buckling
modes already vyield qualitatively accurate predictions at the third order and converge
appreciably faster. Independent finite element simulations further validate these findings,
with both the steady-state response patterns and the axial-to-bending energy ratios
matching the converged fifth-order results. A parametric study demonstrates that these
conclusions hold across different initial arch heights and viscous damping levels.

Taken together, these findings demonstrate that the buckling modes, by
incorporating axial force effects into lateral dynamics, are better suited than the vibration
modes for predicting the main dynamic properties of bistable curved beams. Meanwhile,

owing to the shallow geometry of the beam and the shared simplification of neglecting
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axial force effects, the two sets of vibration modes exhibit high similarity in both mode
shapes and dynamic behaviors at each truncation order. The study further indicates that
a five-mode truncation is generally required to fully capture the primary dynamic
responses of the bistable curved beam. Overall, this work provides a clear physical
rationale for selecting Galerkin trial functions and truncation orders for bistable curved
beams, with potential implications for similar studies on bistable plates, shells, and three-

dimensional structures.
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Appendix A Derivation of the axial-to-bending energy ratio
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Based on the parameters and coordinate definitions introduced in Section 2.1, the

bending potential energy of the curved beam is given by

1 (Me*w 8w,
—ZEI 2 Al
0o =5 L(W 63?2) a (A1)

Introducing the nondimensional quantities from Eq. (2) transforms this expression into

_ EIR? (Y(3*w  9%w,\’
_ _ A2
Up 213 ,[0 (axz 6x2> dx (A2

The lateral displacement is then expanded according to the discretization scheme in Eq.

(4), leading to

2
_EIR? (Y d2p; 2o,
_ AP A3
Up = 2L3f <qu dx?  dx2 dx (A3)

i=1

Expanding the integrand and exchanging the orders of summation and integration yields

n n
o _EIn? ZZ f dquldqu]d _ZZ f dquldzd)o
TR ) | “qxz "qx2 W2 e O

i=1j=1

(A4)

1742 2

+f ( ¢)20> dx
o \ dx
For notational brevity, we define
Ld?¢; 2¢1 td?¢; d*¢,
Koy = | Gagrde  Gi= [ GEGRw

(A5)

2
c =f1 dzd)o dx
b7, \dx2

The bending potential energy then condenses to the compact quadratic form
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~ EIh?
Ub = L3 (qTKbq Zfb q + Cb) (A6)
531 We now turn to the axial (tension/compression) potential energy. During vibration,

532  thelength change of the beam is approximated by

As~f [1+ ldx—f [1+ aw" ldA
-3, G (5 ]

533  The associated axial potential energy is therefore

_ 1EA, ., 2 awo 0\
Us =5 (48" = {J-I )ldx} (A8)

534  Applying the nondimensionalization (2) produces the dimensionless counterpart

4 2 2
0, = E%i}; { f l aw") ldx} (A9)

535 Inserting the modal expansion (4) gives

(A7)

2

g EAh4 L dqbo
= A10
Us 8L3 f l g dx ( dx ) dx (A10)
536 Interchanging summation and integration once more results in
_EAR* |NO N td; dgp, L dgg 2 i
A L7 0
_ . d <_) d (A11)
Us 8L3 ZZ 4, 0 dx dx T J- dx x
i=1j=1

537 Introducing the auxiliary quantities

[Gslij = —[0 (Zq:cl C:ij dx, Cs = _[01 (%)2 dx (A12)

538 allows the axial potential energy to be written concisely as
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_ EAR*

Us = 813 (qTqu - Cs)z (A13)
539  To evaluate the energy ratio under steady-state conditions, we first compute the time-
540 averaged values of the axial and bending potential energies separately, and then take

541  their ratio. This yields

o O e o
U, % [ Dydr C T [P (aKpq — 261 q + ¢ )de
542  where 11 and 1; are two nondimensional time instants chosen after the system has
543  attained a steady state, and T = 1> — 11 is the corresponding time span.
544
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Fig. 3

Fig. 4

Figure Captions List
Schematic of a clamped-clamped curved beam with its geometric

parameters and under harmonic distributed excitation

Comparison of the first three buckling mode shapes (dashed lines),
straight-beam vibration mode shapes (solid lines), and curved-beam
vibration mode shapes (dotted lines), each normalized by its maximum
value. In the main plot, the straight-beam and curved-beam vibration
mode shapes are barely distinguishable. The inset provides a magnified
view of the region where they diverge, highlighting the subtle difference

between the straight- and curved-beam vibration modes.

Dynamic responses of the curved beam computed by the Galerkin method
with truncation order n = 1. The six subfigures correspond to different
initial states and trial functions: (a) upper stable state, buckling modes (¢
= ¢P); (b) upper stable state, straight beam vibration modes (¢ = ¢*'); (c)
upper stable state, curved beam vibration modes (¢ = ¢<); (d) lower stable
state, buckling modes (¢ = ¢P); (e) lower stable state, straight beam
vibration modes (¢ = ¢*'); (f) lower stable state, curved beam vibration
modes (¢ = ).

Dynamic responses of the curved beam computed by the Galerkin method
with truncation order n = 2. The six subfigures correspond to different

initial states and trial functions: (a) upper stable state, buckling modes (¢
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Fig. 5

Fig. 6

= ¢P); (b) upper stable state, straight beam vibration modes (¢ = ¢*'); (c)
upper stable state, curved beam vibration modes (¢ = ¢<); (d) lower stable
state, buckling modes (¢ = ¢°); (e) lower stable state, straight beam
vibration modes (¢ = ¢%); (f) lower stable state, curved beam vibration
modes (¢ = ¢).

Dynamic responses of the curved beam computed by the Galerkin method
with truncation order n = 3. The six subfigures correspond to different
initial states and trial functions: (a) upper stable state, buckling modes (¢
= ¢P); (b) upper stable state, straight beam vibration modes (¢ = ¢*'); (c)
upper stable state, curved beam vibration modes (¢ = ¢<); (d) lower stable
state, buckling modes (¢ = ¢P); (e) lower stable state, straight beam
vibration modes (¢ = ¢*'); (f) lower stable state, curved beam vibration
modes (¢ = ¢).

Dynamic responses of the curved beam computed by the Galerkin method
with truncation order n = 5. The six subfigures correspond to different
initial states and trial functions: (a) upper stable state, buckling modes (¢
= ¢P); (b) upper stable state, straight beam vibration modes (¢ = ¢*'); (c)
upper stable state, curved beam vibration modes (¢ = ¢<); (d) lower stable
state, buckling modes (¢ = ¢P); (e) lower stable state, straight beam
vibration modes (¢ = ¢*'); (f) lower stable state, curved beam vibration

modes (¢ = ).
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Fig. 7

Fig. 8

Fig. 9

Ratio of the average axial (tension/compression) potential energy U; to
the average bending potential energy U, evaluated at truncation order n
= 3. The six subfigures correspond to different initial states and trial
functions: (a) upper stable state, buckling modes (¢ = ¢); (b) upper stable
state, straight beam vibration modes (¢ = ¢*¥); (c) upper stable state,
curved beam vibration modes (¢ = ¢%); (d) lower stable state, buckling
modes (¢ = ¢°); (e) lower stable state, straight beam vibration modes (¢
= ¢%); (f) lower stable state, curved beam vibration modes (¢ = ¢").

Validation of the five-mode buckling-mode Galerkin predictions against
finite element analysis (FEA) for motions starting from the upper stable
state. (a) Dynamic response types: the background reproduces the
numerical results from Fig. 6(a); superimposed markers denote FEA
predictions (green circles: vacillating, yellow diamond: intra-well).
Additional FEA points are placed in the subharmonic region enclosed by
the red dashed frame. (b) Axial-to-bending energy ratio: the background
shows the numerical results, while dots mark FEA-computed ratios. The
red dashed frame highlights the region of elevated energy ratio beneath
the subharmonic vacillating zone, confirming the importance of axial

force.

Effects of the initial arch height [h = 4.50 mm (0.177 in)] on the dynamic

response predicted by the Galerkin method, starting from the upper stable
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Fig. 10

state. (a)-(c) Third-order truncation using buckling, straight-beam
vibration, and curved-beam vibration modes, respectively. (d)—(f) Fifth-
order truncation with the same three mode sets.

Effects of the viscous damping coefficient [C4 = 0.15 Pa-s (3.13x1073
Ibf-s/ft?)] on the dynamic response predicted by the Galerkin method,
starting from the upper stable state. (a)—(c) Third-order truncation using
buckling, straight-beam vibration, and curved-beam vibration modes,

respectively. (d)—(f) Fifth-order truncation with the same three mode sets.
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Figures and Tables

Fig. 1 Schematic of a clamped-clamped curved beam with its geometric parameters

and under harmonic distributed excitation
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Fig. 2 Comparison of the first three buckling mode shapes (dashed lines), straight-
beam vibration mode shapes (solid lines), and curved-beam vibration mode shapes
(dotted lines), each normalized by its maximum value. In the main plot, the straight-
beam and curved-beam vibration mode shapes are barely distinguishable. The inset
provides a magnified view of the region where they diverge, highlighting the subtle
difference between the straight- and curved-beam vibration modes.
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Fig. 3 Dynamic responses of the curved beam computed by the Galerkin method with
truncation order n = 1. The six subfigures correspond to different initial states and trial
functions: (a) upper stable state, buckling modes (¢ = ¢"); (b) upper stable state,
straight beam vibration modes (¢ = ¢*'); (c) upper stable state, curved beam vibration
modes (¢ = ¢'); (d) lower stable state, buckling modes (¢ = ¢®); (e) lower stable state,
straight beam vibration modes (¢ = ¢*'); (f) lower stable state, curved beam vibration

modes (¢ = d).
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Fig. 4 Dynamic responses of the curved beam computed by the Galerkin method with
truncation order n = 2. The six subfigures correspond to different initial states and trial
functions: (a) upper stable state, buckling modes (¢ = ¢"); (b) upper stable state,
straight beam vibration modes (¢ = ¢*'); (c) upper stable state, curved beam vibration
modes (¢ = ¢'); (d) lower stable state, buckling modes (¢ = ¢®); (e) lower stable state,
straight beam vibration modes (¢ = ¢*'); (f) lower stable state, curved beam vibration
modes (¢ = ¢).
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Fig. 5 Dynamic responses of the curved beam computed by the Galerkin method with
truncation order n = 3. The six subfigures correspond to different initial states and trial
functions: (a) upper stable state, buckling modes (¢ = ¢"); (b) upper stable state,
straight beam vibration modes (¢ = ¢*'); (c) upper stable state, curved beam vibration
modes (¢ = ¢'); (d) lower stable state, buckling modes (¢ = ¢®); (e) lower stable state,

straight beam vibration modes (¢ = ¢*'); (f) lower stable state, curved beam vibration
modes (¢ = ¢).
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Fig. 6 Dynamic responses of the curved beam computed by the Galerkin method with
truncation order n = 5. The six subfigures correspond to different initial states and trial
functions: (a) upper stable state, buckling modes (¢ = ¢"); (b) upper stable state,
straight beam vibration modes (¢ = ¢*'); (c) upper stable state, curved beam vibration
modes (¢ = ¢'); (d) lower stable state, buckling modes (¢ = ¢®); (e) lower stable state,

straight beam vibration modes (¢ = ¢*'); (f) lower stable state, curved beam vibration
modes (¢ = ¢).
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Fig. 7 Ratio of the average axial (tension/compression) potential energy U, to the
average bending potential energy U,,, evaluated at truncation order n = 3. The six
subfigures correspond to different initial states and trial functions: (a) upper stable
state, buckling modes (¢ = ¢*); (b) upper stable state, straight beam vibration modes
(¢ = d*'); (c) upper stable state, curved beam vibration modes (¢ = ¢); (d) lower stable
state, buckling modes (¢ = ¢"); (e) lower stable state, straight beam vibration modes (¢
= ¢*'); (f) lower stable state, curved beam vibration modes (¢ = ¢).
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(a) ® Vacillating Behavior Intra-well Behavior (b) ® Finite Element Results
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Fig. 8 Validation of the five-mode buckling-mode Galerkin predictions against finite
element analysis (FEA) for motions starting from the upper stable state. (a) Dynamic
response types: the background reproduces the numerical results from Fig. 6(a);
superimposed markers denote FEA predictions (green circles: vacillating, yellow
diamond: intra-well). Additional FEA points are placed in the subharmonic region
enclosed by the red dashed frame. (b) Axial-to-bending energy ratio: the background
shows the numerical results, while dots mark FEA-computed ratios. The red dashed
frame highlights the region of elevated energy ratio beneath the subharmonic
vacillating zone, confirming the importance of axial force.
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Fig. 9 Effects of the initial arch height [h =4.50 mm (0.177 in)] on the dynamic response
predicted by the Galerkin method, starting from the upper stable state. (a)—(c) Third-
order truncation using buckling, straight-beam vibration, and curved-beam vibration
modes, respectively. (d)—(f) Fifth-order truncation with the same three mode sets.
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Fig. 10 Effects of the viscous damping coefficient [C4 = 0.15 Pa-s (3.13x1073 Ibf-s/ft?)] on
the dynamic response predicted by the Galerkin method, starting from the upper stable
state. (a)—(c) Third-order truncation using buckling, straight-beam vibration, and

curved-beam vibration modes, respectively. (d)—(f) Fifth-order truncation with the
same three mode sets.
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Table 1 Values of basic parameters
Item Notation Value
Beam span L 0.06 m (2.36in)
Beam width b 0.01 m (0.394 in)

Beam thickness

Beam initial arch height
Beam density

Young’s modulus
Gravity acceleration

Viscous damping coefficient

c 1x10~3 m (0.0394 in)
h 5.22x1073 m (0.206 in)

o 1082 kg/m3 (67.55 Ib/ft3)

E 0.74 MPa (107.3 psi)

9.8 m/s?(32.2 ft/s?)

o 0.2 Pa's (4.18x1073 |bf-s/ft?)

NN
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