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Abstract

Numerically solving parameterised partial differential equations (P-PDEs) is both valuable and computation-
ally intensive, driving the development of reduced-order models (ROMs). Recently, methods that combine
latent space identification techniques with deep learning algorithms (e.g., autoencoders) have shown great
potential in describing the dynamical system in the lower-dimensional latent space. In this paper, a new
parametric latent identification of nonlinear dynamics neural networks, P-TLDINets, is introduced, which
relies on a novel neural network structure based on Taylor series expansion and ResNets to learn the paramet-
ric differential equations that govern the dynamics in the latent space. During the training process, Taylor
series-based Latent Dynamic Neural Network (TLDNet) and identified equations are trained simultaneously
to generate a smoother latent space. In order to facilitate the parameterised study, a k-nearest neighbours
(KNN) method based on an inverse distance weighting (IDW) interpolation scheme is introduced to predict
the identified ODE coefficients using local information. Compared to other latent dynamics identification
methods based on autoencoders, P-TLDINet eliminates the encoder-decoder’s dependence on spatial coor-
dinates, enabling it to be a parameterised ROM. Additionally, its lightweight network structure allows high
generalization capabilities with less training time. P-TLDINet was tested on the 2D Burgers’ equation and
the lock-exchange case, maintaining an L error of less than 2% compared to high-fidelity models.

Keywords: reduced-order model, latent-space identification, sparse regression, Taylor series expansion, deep
learning, equation discovery, ResNet

1. Introduction

In the fields of engineering and physics, the behaviours of many complex systems are governed by partial
differential equations (PDEs)[1, 2, 3, 4, 5]. To describe and understand these systems through PDEs, physical
simulations, and computational fluid dynamics (CFD) provide essential guidance for advanced design and
practical industrial applications[6]. During the past few decades, numerical methods such as the finite
element method (FEM)[7] and the finite volume method (FVM)[8] have been continuously advancing, while
significant progress has been made in computer hardware, particularly GPUs. However, as the demand
for superior accuracy in discrete solutions increases and grids become highly refined, the computational
requirements of these traditional methods become exceedingly substantial. This is especially evident for
problems involving repeated simulations, such as parametric problems|2, 9], where the expansion of modelling
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iterations leads to significant resource consumption. Consequently, these challenges may ultimately limit the
practical applicability of such methods.

To overcome these limitations, reduced-order modelling (ROM) has emerged as a promising approach to al-
leviate the computational burden across many areas, such as turbulent flows[10, 11], aerodynamics[12], molec-
ular dynamics[13], biomedical sciences[14], meteorology[15], fluids[16, 17], structural dynamics problems[18],
aerospace[19], and plasma dynamics[20]. The primary objective of ROM is to reduce the dimensions of
full-order models by projecting the system onto a lower-dimensional latent linear or non-linear subspace.
Typically, ROM achieves remarkable speed enhancements compared to high-fidelity models, albeit with a
negligible decrease in accuracy, rendering it incredibly attractive.

Popular linear reduced-order methods, which are typically based on projection techniques, include proper
orthogonal decomposition (POD)[21], dynamic mode decomposition (DMD)[22], and reduced basis methods
(RB)[23]. Nonlinear projection-based methods, such as autoencoders, also demonstrate impressive capabil-
ities in dimensionality reduction[11, 24]. They have already been widely applied in various fields such as
aerodynamic wing design[25], fluid dynamics[26, 27, 28], magnetohydrodynamics (MHD)[29], PDE solving
[30], and long-span bridge building[31]. The non-intrusive reduced order model (NIROM) is a recently pro-
posed popular method to avoid the instability and non-linear inefficiency of ROM, which uses interpolation
and artificial intelligence methods to construct functions in the reduced space to represent the dynamics.
One of the advantages of non-intrusive methods is that they only require input-output data from the high-
fidelity solver since they do not need access to its internal structure or source code. A number of NIROM
have been presented, such as a NIROM based on POD combined with radial basis interpolation [32], POD
combined with the Long Short-Term Memory (LSTM) deep learning method[3], POD combined with the neu-
ral network[33], and soft clustering combined with the classification method[34]. It also includes a recently
presented nonlinear model reduction via Probabilistic Manifold Decomposition (PMD) [35]. However, the
dynamics in the reduced space in the NIROMs remain a black box; these data-driven models are inherently
difficult to interpret and extrapolate. Unlike the traditional NIROM, this work uses explicit differential equa-
tions to represent reduced dynamics, enabling it to be more easily understood and explainable. In addition,
it is difficult for the traditional NIROM to deal with problems with different meshes. This is achieved via
equation discovery methods in latent spaces.

The discovery of governing equations in latent spaces is a particularly promising approach, as the dynamics
in the latent space can be identified as a set of differential equations. These identified governing equations
can be easily solved and mapped back to the high-dimensional flow field solution space[36]. In other words,
these equations provide a better representation of the underlying physical or mathematical laws of model
learning, leading to improved model interpretability and enhanced generalisation. Symbolic identification
and genetic algorithms are two milestone methods for the automatic inference of equations[37, 38]. The
sparse identification of nonlinear dynamics (SINDy)[39], through the use of a function library and sparse
linear regression, has seen widespread applications and led to the development of several related parametric
PDE algorithms[40, 41, 42, 43], such as PDE-FIND[44],LaSDI[42], Greedy Identification of Latent Dynamics
(GILD)[45], gLaSDI[41] and GPLaSDI[43]. By extracting coefficients from latent governing equations and
combining them with interpolation or fitting methods, such as radial basis function (RBF) interpolation[32],
Gaussian process regression (GPR)[43], or linear interpolation techniques, one can achieve efficient and
effective evaluation and prediction across the entire parameter space. Recently, we presented a method (RE-
FIND) to discover lower dimensional equations in the latent space[46]. However, this method works only for
problems with fixed parameters and cannot handle cases where parameters vary, such as different boundary
conditions, initial conditions, or equation coefficients.

This paper extends our previous work[46] to address parametric problems. The method is called the Para-
metric Taylor series-based Latent Dynamics Identification Neural Network (P-TLDINet). The P-TLDINet is
constructed via Taylor series expansions, ResNets, and the k -nearest neighbours (KNN) algorithm combined
with an inverse distance weighting (IDW) interpolation scheme. In the context of time discretization for neural
ODE-based models, various strategies have been explored to improve accuracy and robustness. Taylor-series
expansion has been shown to enable larger time steps while maintaining accuracy, offering a computationally
efficient alternative to standard ODE solvers[47]. Meanwhile, perturbation and denoising techniques have
been introduced to enhance robustness against error accumulation during long-term predictions[48]. In this
work, we adopt the second-order Taylor-series expansion for time advancement. Apart from identifying latent
equations, P-TLDINet can be applied to more complex parametric PDE problems; for example, problems in
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which the initial conditions vary with the parameters.

In addition, the P-TLDINet model uses only a small amount of high-fidelity training data to achieve
accurate, robust, and efficient data-driven reduced-order modelling for physical systems. Besides, the P-
TLDINet is a parametric ROM that is capable of running simulations with variable meshes. This allows
P-TLDINet to predict high-dimensional approximation data at any query point « in the computational
domain 2, even if some of them may not be part of the training grids. This is another novelty of the newly
presented P-TLDINet.

The subsequent part of the paper is organised as follows: Section 2 describes the related governing
equations for parametric systems. The framework of P-TLDINet includes several parts, such as a family
of networks called the Taylor series-based Latent Dynamics Network (TLDNet) in Section 3 and Identifi-
cation of Dynamics (ID models) in latent space in Section 4. Section 5 shows the KNN method and the
interpolation process. Section 6 is data preprocessing, including data sampling and normalisation of P-
TLDINet. The whole framework of P-TLDINet is summarised in Section 7. The capabilities of P-TLDINet
are demonstrated using two numerical examples: the 2D-Burgers equations in Section 8.1 and lock exchange
in Section8.2. Furthermore, we evaluate the performance of P-TLDINet on multiple mesh resolutions during
training, demonstrating its discretisation independence. Through these examples, P-TLDINet demonstrates
its distinct differences and superiority over autoencoder-based latent dynamics identification methods. Fi-
nally, we summarise the main innovations and application prospects of the proposed model, providing a
comprehensive overview of this research in Section 9.

2. Governing equations of parameterised dynamic systems

In practical simulations, the PDEs that govern the systems are typically characterised by the parameter
vector p, which contains initial or boundary conditions as well as the dynamics of the system. Suppose p is
the input variable in a parameter domain P C R¥? in which Np is the number of parameters in g. The
governing PDEs of a parameterised dynamical system are given as

{F(u(t,w;u),t,m;u) =s(t,e,pu)  (t,x)e[0,T] xQ

u(t =0,2; 1) = uo(p), o

where w : [0,T] x Q + U C RYs stands for either a scalar field or vector fields, such as velocity, pressure,
or temperature. The term 7' € RT denotes the simulation time, and Q € R? defines the spatial domain of
the problem. The operator F' : RN x [0,T] x Q x D +— R¥s denotes the dynamic evolution of u and its
conservation laws, while s is the source term. Finally, the term wg denotes the initial value of u.

For the training of the following networks, Equation 1 is solved using some computational model, and
solutions are sampled at IV, X N; points within the spatial-temporal domain. These sampling points in
space are denoted by x € 2, which are typically vectors of length determined by the problem’s dimension d.
For example, in a problem based on a two-dimensional space, * = (21, x2). The computer model is resolved
a total of IV, times, with varying parameters p. The discrete set of sampled points, corresponding to a given
parameter vector u; € D, is defined as w; = [u;1(t;), ui2(t), ..., uin, (t)] € RN« for [ € {1,2...N;}. A
summary of the main notation used for data set sizes are listed in Table 1.

In this work, an efficient model reduction method is developed for fast and accurate solutions to the PDE
defined in Equation 1. This model, P-TLDINet, includes two components: A Taylor series-based Latent
Dynamic Network (TLDNet) and Identification of Dynamics models (ID models). These are introduced in
Section 3 and Section 4 respectively.

3. Taylor series-based Latent Dynamic Neural Network (TLDNet)

The Taylor series-based Latent Dynamic Network (TLDNet) consists of three network structures: the
dynamic network N Ngy,, the reconstruction network N N,.., and the initial mapping network NNV, , which
correspond to the model parameters Wayn, Wyee and W, respectively. The first two networks are used
to complete the model reduction, and the last is used to process the initial values so that P-TLDINet can
adapt to more situations. They are constructed using fully connected neural networks (FCNNs) and residual
neural networks. ResNets and Taylor series expansion theory are integrated into TLDNets to enhance the
representation ability of P-TLDINets, enabling their application to more complex fluid cases.
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Notation Description

u The state variables of dynamics.

S The latent state space manifold.

Q The whole high-dimensional computational domain. And the coordinates « € ).
N, The number of spatial sampling training points on €.

N The dimension of state variables, i.e. the dimension of latent space.

Np The dimension of the entire parameter space D.

Ny The number of sampling parameter points in the training parameter space Dyyqin -
Np, The number of sampling parameter points in the testing parameter space D".

Ny The number of discrete-time points in the time domain.

Table 1: Notations used for variables and set sizes

8.1. TLDNet model structure

Three networks are first constructed to form the TLDNet framework. These are defined as,

520, 55 0] = NNayn (200, ) 1€ (0.7]

2(0) = NN, (1) @)
w(x,t) = NNpee(2(t), b, ), t€[0,T],

which consists of a dynamic model NNgy,, an initial mapping model NN, and a reconstruction model
N N,.¢.. The models all involve a set of time dependent variables z(t) which lies in some hypothetical latent
space S C RYs. These are vectors of size N, which is defined by the user through the setting of the input
size of the dynamic network NNg,,. The intention is that the size is relatively small in comparison with
the sampled space, i.e. Ny < N, in order that training and executing of all the networks are efficient. The
latent space itself is formed as part of the training of the networks for which all three networks in Equation
2 are trained simultaneously.
The structure of the dynamic model N Ng,,, takes, as its inputs, the latent vector z(t) (at some time t) and
the vector of parameters . When combined, the input will be a vector of size Ny + Np. Its output is a
vector of size 2N, which comprises the first-order £ 2(t) and second-order %z(t) time derivatives of the
latent variables z(t). Note that these outputs are not known from any training data, but are formed and
learnt as part of the training process. However, once formed, they are used in combination with a Taylor
series to form the updates of z(t) at the next time step. That is, from time instance ¢,,, the values of z at
time ¢,,41 are calculated as:

d? At?

2{tmi1) = 2(tm) + ()AL + 2 2(0n) o

e +o((At)?), m={1,2,..., N}, (3)

where the higher order terms beyond the 3rd time derivative are ignored. The dynamic network N Ngy, is
combined with the reconstruction network N N,... that takes as input the vector of latent variable z(t), the
vector of parameters p, and a spatial position . The total size of the input is Ny + Np + d. The output of
the reconstruction network is the estimated value of u(x,t) (which may be a vector or scalar depending on
the nature of the governing equations) which is the state variable evaluated at position x at time ¢.

Thus far, the dynamic network and the reconstruction network are coupled via the following route. The
latent and parameter variables are fed through the dynamic network that predicts the 1st and 2nd time
derivatives of the latent variables. These are used to update the latent variables at the next time step via the
Taylor series. The reconstruction network is used to predict the values of u(x,t), from z(t), z and p, at some
position (,t) in space-time. When training the networks, given the training data points, a loss function can
be formulated as,

1 I 1 Nt 1 Nu
L rec Wreca n) = a7 o NNrec 1), K, )= i,m(t 3 ) 4
osseeWrees Wan) = 3030 | 7y 2 | 7 22 IV Voot i)~ w1 ) | (9
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where || ||2 denotes the Ly norm. This calculates the discrepancy between the predicted and estimated values
of the state variable over all space-time data points, and for all training parameter sets ;.

The final component is to define the initialisation network N,, that maps the parameter variables p to the
initial latent space variables at time to, i.e. z(¢g). Thus its inputs and outputs are vectors of size Np and
Ng, respectively. The loss function of NN, is based on mean square error (MSE) and is summarised as

LOSSZO(WZO) = Z MSE(NNrec(an i, :13), ’U,i(to))

Z MSE(NNyeo(N Nz (), i, @), ui(to)) (5)

which defines the discrepancy between the projected initial condition and that of the training data. The
fact that the values z(0) are directly projected from g enables TLDNet to address complex parametrised
problems, especially those with different initial conditions. This helps expand its applicability without the
need to infer from modify the original high-dimensional system. This offers a computational advantage
over many typical ROM algorithms, particularly when combined with SINDy of the next section, where
z(0) is formed through a more computationally expensive mapping of the high-dimensional initial values to
the lower-dimensional space. As previously mentioned, the three networks are trained simultaneously by
minimising the loss functions of equations 4 and 5,

LOSSZO (WZO) + LOSST‘GC(WT‘GC7 Wdyn) (6)

which trains all network variables while forming the latent space and, in turn, producing the dynamic network
that forms both first and second order derivatives with respect to time.

3.2. TLDNet Network Structures

The networks of equations 2 use feed-forward structured networks that consist of a combination of fully
connected neural networks (FCNNs) and residual neural networks (ResNet). The FCNNs are used as they
have shown a considerable degree of superiority in function approximation across various fields [49]. However,
as the depth of networks increases with problem complexity, deep learning models are prone to suffer from
gradient vanishing and overfitting, resulting in weakened performance. Deep residual learning neural networks
(ResNet) are architectures proposed to address these challenges to a certain extent, improving the ability
of networks to capture more dynamics in data. They were initially based on convolutional neural network
(CNN) technology and were used in the field of computer vision and image classification [50]. Here, the
residual learning concept is applied to FCNNs. The main difference between residual learning and classical
FCNNS lies in the structure of their networks. An FCNN consists of multiple hidden layers, where adjacent
neurones are directly connected by weight matrices and biases, and nonlinearity is provided by activation
functions. In contrast, for a ResNet, there exists a shortcut path connecting the input and output layers
directly, known as a ”skip connection.” This can be viewed as the mapping H from the input X when used
in combination with the set of fully connected layer mappings F.

H(X) = F(X) + X. (7)

In this article, the fully connected layers and residual layers are used in combination with the Tanh and
ReLU activation functions, respectively.

4. Identification of dynamics (ID model) in the latent space

Following the construction of the TLDNet framework, an identification of dynamics (ID) model is for-
mulated for z(¢) € S to discover the intrinsic characteristics of the latent dynamics. By its construction in
section 3.1, the vector z(t) is equivalent to a compressed representation of the high-dimensional physical data
u(x,t), defined over both time and space. The temporally dependent z(¢) reflects the physical features of
the original solution manifold, so that it can be viewed as a dynamical system governed by a set of ODEs.
Therefore, consider the reduced-order dynamic identification model as follows:

Lot = f(=m), 1€ (0.7] )
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where z(t; u) € RY: is defined by Equation 3. For a single i € Dirain, the associated discrete latent variable
matrix z; and the time derivative matrix 2; can be expressed as,

zi(t i) = [z (6 ), 2i 2 (8 ) - - - zio, (6 )] € RNTE RN
Zi(ts i) = [Zia (G 1), Zio (B ), - o 2w, (8 )] € RV s RV,

(9)

The m!* row of these matrices respectively contain the vector z and its time derivative at the m** time
step. In this article, the values for both matrices are obtained from the TLDNet’s outputs. More specifically,
2i(t,,) can be found following the evaluation of the Taylor’s series, Equation 3, at the m‘" time step, and
Zi(ts) is obtained from the output of the network NNy, Equation 2, again at the m* time step. This is a
distinction from other methods forming 2; which has typically been computed via finite difference methods,
or from physical priors, during the training procedure in previous studies [51, 39, 43, 41, 46].

Following the path of the SINDy method [39], the form of the governing dynamic function f is determined
to be an expansion of non-linear functions, or a library of candidate basis functions, that is selected by the
user. Typically the set of basis functions, denoted by ©(z), is of a simple form, for example of polynomial,
trigonometric, or exponential type. These operate on the elements of the vector of latent variables z(t). By
way of example, if the vector was composed of 3 elements, z(t) = {z1(¢), 22(¢), 25(t)}, the basis set up to
polynomial with quadratic order would take the form:

1 21(to) z2(to) zs(to) =23(to) 25(to) 23(to) zi(to)za(to)  21(to)zs(te)  22(to)zs(to)
1 ozi(t) z2(t) zs(t) 2i(t) 23(t) 23(t)  zi(t)ze(t)  z2(t)zs(t)  za(th)zs(th)

1 za(tng) 2a(tve) 2s(tne) 22(tn,) 23(tn,) 23(tn,) 21(bw)2a(tn) 21 () 2s(tny) 2 (tny)zs(tne)

In general, the set O(z) is a matrix of functions of size, RNt*1 x RN where R™> denotes the total number
of basis functions used. The expansion of the basis functions is then formed via the multiplication with a
coefficient set, which can be written in matrix form as,

where 2 = [€1,...,&n.] € RV x RY: is the coefficient matrix.

In this paper, polynomials up to the first order terms are used to construct @(z(t)), this would related
to the first 4 columns of Equation 10. For each p;, there is a specific system of ODEs to identify the latent
dynamics. In fact, during the physical training and discovery of ID models, evaluating the error between
z; and the estimated value Z; is inefficient. This is because the right side of Equation 11 approximates the
time derivative of z; (i.e. 2;), rather than z; itself, which must be obtained by solving ODEs. Consequently,
the loss function in the ID model must be adjusted to account for the computational cost, and it can be
summarised as
dzi

dt
for each ID model with parameter p;. This idea was first utilised by Brunton et al. in [40], in which the errors

in the time derivatives of both the original space (i.e. 9%) and the latent space (i.e. %) are factored into

dt
the loss function. However, considering that incorporating terms related to 9% would significantly increase

dt
computational costs and the risk of overfitting, only the loss in Cé—f is included in the loss function here.

Therefore, the low-dimensional data related to all training parameters in Dy,qiy, @ joint training approach is
employed in TLDNets by the loss function, simultaneously minimising the sum of MSE as follows:

O(z) - Eill3 (12)

Loss,, = ||

Nu N j
Lossaya(® = 3 (23 195" o). 607 ) (13)
: N, &N, & P ’

where Ny, = |Dtrqin|. Furthermore, given the sparsity of the SINDy coefficients, a penalty (or regularisation)
term for E is incorporated into the loss function of the ID model,

N,
1 L4

Lossip(8) = wipLossg. /i (2) + Weoef 7~ Z lI=HIES (14)
=1

In addition, both the loss term, Lossg, /4, and the penalty term have loss weights wip and weoes applied.
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5. k-Nearest Neighbour interpolation with inverse distance weighting

Based on latent ID models discovered from the training parameter set Dyyqin and the corresponding
high-dimensional data {u;}u,ep,,.,. , low-dimensional dynamics can be explored at any unseen or trained
parameter point g throughout the parameter space D. To improve the efficiency of parametric study, the
k-nearest neighbours (KNN) convex interpolation method is used to fit the learned ID model coeflicient set
{Zi}u,eDirain - As aninterpolation method with broad application prospects [52], the KNN approach captures
the ID model coefficient values of each p from local features rather than globally, and offers greater accuracy
compared to linear interpolation. In contrast to radial basis functions (RBF) and Gaussian process regression
(GPR) methods, which ask optimisation to acquire interpolation weights, KNN-based interpolation results
in lower computational costs and higher efficiency.

In this paper, we combine the inverse distance weighting (IDW) function with the KNN method as an
interpolation technique. This integration ensures the convexity of the fitting interpolation problem and
enhances robustness. For any testing parameter vector p* € D, denote the set of k nearest sample parameter
points to pu* in Dypgin as D(p*). The mathematical description is as follows:

=*
=

=I(p" {Sitiepn) = Y, wiln)Es, (15)
i €D(p*)

*

where E* is the ID model coefficient matrix for the test parameter point p*, and ¢;(pu*) represents the
interpolation weights for each trained E; based on the location of each p;. In the KNN method, the distance
is determined by the Euclidean distance between the parameter points. Specifically, the distance between
parameter points p; and p* is defined as

where p; ; and pj are the components of p; and p* respectively. The interpolation weights can be expressed

as
d(“la ll’*)ip
Zuj ep(ue) g, )P ’

pi(K’) = (17)

in which p is the distance weighting index, generally taken as p = 2.

Note that the interpolation is actually performed on a per-parameter-point basis, and the ID model
coefficients are predicted sequentially rather than all at once to ensure accuracy. If there exists a u; such
that d(p;, p*) = 0, then it is concluded that p* is contained in Dyyqin, and specific E; is directly assigned to
Z*. The choice of k also affects the final prediction results. Following a preliminary screening process, the
value k is determined to be 5. The detailed process of the KNN method can be found in Algorithm 1.

6. Data pre-processing

6.1. Data sampling

There are various methods for the selection of the training parameter set Diyain. To ensure train-
ing efficiency, commonly applied methods include greedy sampling based on training results or physical
information[41, 43] and uniform sampling[42]. The goal of these sampling methods is typically to improve
the final performance of algorithms with as few parameter points as possible, especially for those based on
autoencoders. This is because, compared to TLDNet, these algorithms, while also having an excellent ability
to capture underlying dynamics, require more network parameters and take up more GPU memory, resulting
in longer computation times and the need for more computational resources.

In our work, the random sampling method is used to choose Dyqirn. For convenience and to observe the
performance of P-TLDINet across the entire parameter domain D, we uniformly sample a set of discrete
parameter points D" C D, with the number of points far exceeding that of Dy ain (i-e. |D"| > |Dirainl)), to
serve as the testing sample set.
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Algorithm 1: IDW interpolation based on KNN

Input: The training parameter set Dy,qin, the single testing parameter point p*, the k value, and the
trained ID model coefficients {Z;} ., eDyr0in

Output: The interpolated target y*, k nearest neighbour set D(u*) C Dirain, and the interpolation
weights {@i (L") by, en(ue)-

: Calculate distances between every p; € Dirgin and p* by Equation 16;

: Rank the distance values in ascending order as a list Dis(p*);

if value 0 is found in the list Dis(p*) then
Indicate that p* lies in Dyyqsn and find the index j such that p; € Dypasrn is nearly equivalent to p*;
Assign the corresponding y; € {yi}pu,eDy, 0., to y* directly;

else
Search for the k nearest parameter points in Dyyqi, to p* and combine them into a set D(u*);
Compute the IDW weight ¢; (™) by Equation 17 for Vu,; € D(u*);
Search for the corresponding k target y based on the parameter points p € D(p*) and denote them
as {Ei}y;
Compute the target interpolated ID model coefficient Ex by

=
154

[

k
t = Z%(H*)Ei~ (18)

11: end if
12: return E*, D(u*), {@i(u*)}mep(m).

6.2. Normalisation

To enhance the training efficiency of the networks, we preprocess the training data. Especially, there
is a need to normalise the inputs and outputs of P-TLDINet. These data include the parameter vector p,
the scalar field u, and the spatial grid coordinate variable . Each element is scaled to fit within a specific
closed interval, usually chosen as [—1,1]. Based on the data distribution, the normalisation for each variable
is conducted independently. The mathematical process is defined as follows:

5 = (ﬁ - BT‘Ef)/B’w, (19)

where ¢y is a reference value and 3, is a reference variable range. Particularly, if a variable takes values in
the closed interval [min, @maz], then

{ﬁref = (amin + amam)/2 (20)

Bw = (amax - amin)/Q

If Qyin = —Qunag, indicating that the origin is centred in [min, Qmaz), @ range hyper-parameter L,qnge can
be set to adjust the normalisation range as follows:

5ref = £range(amin + ozmm)/Q
ﬂw = Erange(amaz - amzn)/Q

After normalisation, the neural network can be expressed as:

NN ayn(2(8), 1) = NNayn (2(0), (1 = pireg) © (1/pu))
NN (1) = NNy (1 = pireg) @ (1/p)) (22)
NN, eo(2(t), ) = N Npee(2(t), 1, (2 — 20) © (1/0)),
where ® denotes the Hadamard product, i.e. element-wise product. This normalisation ensures that the input
variables are within a standardised range, thereby facilitating more efficient network training. If normalisation

is removed, the networks can generally still achieve the fitting effect. However, it often requires more epochs
of training and computational time.
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7. The framework of P-TLDINet

The individual components of P-TLDINet have been described above. After preprocessing data, P-
TLDINet focuses on obtaining a family of ODE coefficients that can be used for parametric learning by
training both the TLDNet and the ID model simultaneously. That is achieved by the total loss function as:

N
_ I & e
Lossmodel = L085rcc(Wrees Wayn) + w2 Loss (W) +wrpLossg. jq (E) + wcoefN— Z ||.:.1H§7 (23)
Hoi=1

where the last term N%L ST1IZil|3 is a Ridge regularization penalty on the SINDy coefficient matrices. In
standard SINDy, Lasso is commonly used to enforce sparsity by driving small coefficients exactly to zero.
However, in this work, we employ a first-order SINDy library, which contains relatively few candidate terms.
Our primary goal is therefore to obtain a stable and simple family of SINDy coefficients that faithfully captures
the essential dynamics, rather than to pursue extreme sparsity at the cost of stability. Ridge regularization
provides better numerical stability and preserves the dominant dynamical features, which is crucial for the
subsequent parametric learning in the coefficient space.

The training process is computationally intensive but is performed entirely offline; once the model is
trained, online predictions are obtained almost instantaneously without high computational cost. Then, the
KNN interpolation method is used based on the distribution characteristics of the testing parameters, and
a series of latent parametric governing equations for each training parameter p are solved to predict latent
state variables Z The high-dimensional approximate flow field @ can be quickly simulated using the N N,...
model and z. This part is an online process, and it only takes a short time to reach the desired results.
In addition, trained P-TLDINet allows for direct predictions of u based on the inputs of N N,..., which are
independent spatial coordinates * and the testing parameter point p*. The whole process refers to Equation
22.

According to the error between the estimated vector @ and the true value w, the parametric prediction
and spatial prediction effectiveness of the model can be assessed by Lo reconstruction rate as:

_ e =l

rr, (4, u) x 100%, (24)

||l]2
where || - ||, stands for Ly norm of matrices.
A stopping criterion is set for rp, (@, u) and Losseder, which would stop training when they are smaller
than the hyperparameters tol; and tols set up in advance, respectively.

7.1. Off-line model training

The details mentioned in the previous sections together form the P-TLDINet algorithm based on para-
metric learning. In practice, after randomly selecting a parameter points subset Dyy.qiy C D, a small amount
of high-fidelity snapshots is generated by simulation techniques as training data. These data are then fed
into the P-TLDINet model after going through preprocessing, especially the normalisation process in Section
6.2. A series of latent governing equations with the form of Equation 8 are identified to describe the intrinsic
dynamics. The coefficient matrices {E;} of Equation 8 for each p; € Dipgin , treated as trainable variables
within the networks, are derived and compiled into a set for subsequent online computations as a significant
ingredient of the parametric prediction. The specific procedure can be referred to as Algorithm 2 and the
flow chart is in Figure 1.

7.2. Online stage with the reconstruction model and ID models

The trained P-TLDINet model is then used for efficient predictions of estimated solutions for a given
parameter. During the online stage, predictions can be made for unknown parameter points or even spatial
grid coordinates that were only partially seen in the training data, with reduced time and cost. We adopt
the classical fourth-order Runge-Kutta (RK4) method to solve the identified SINDy equations with a fixed
time step size Atoniine. By combining p* and =* information with the set of coefficients {E;}u,eD,, 0>
high-dimensional estimates are obtained through KNN convex interpolation and the trained network N N,...
and NN,. The detailed process is shown in Algorithm 3 and Figure 2.

The source code implementing the P-TLDINet framework described in this work is publicly available at
https://github.com/iSelinG/Parametric_data_discovery_in_latent_space.
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Algorithm 2: P-TLDINet trained with random sampling

Input: The training parameter set Dirqin, the high-dimensional simulated field data {u;},,ep,, ..., the

spatial coordinates information x, the discrete time ¢, the max iteration iter, the target tolerance toly
and tolz, the number of epochs to test the tolerance Ny, the weight wyp of Lossg, a, the weight w,, of
Loss.,, the weight weoefr of L0SScoef;

Output: The model coefficient Wie., Way,, and W, the coefficient matrices {Z;},.,eD,, 000

1:
2:

=

@

Preprocess i € Dirgin, {Wi}tp,eDyasn and @ by normalisation in Section 6.2;
Construct P-TLDINet model according to the nature of the problem and feed it with normalised w;, u;
and x;
while k < iter do
Update Wyee, Wayn, W, and the sparse identification coefficients {Z;}4,ep,,.,, simultaneously by
minimising LosSmode; in Equation 23;
if k%N, =0 then
Solve the latent governing equations for each training parameter p; as

dz;
dt

= @(Zi) : Ei7 Hi € Dtrain (25)

to obtain the approximated latent trajectories {Z;},,eD,,.0in-
The corresponding high-fidelity field @, is then reconstructed by feeding Z; through the
reconstruction network N N,... as @; = N Nyeo(Z;, i, );
if rr, (@, u;) < toly and Lossmeder < toly then
break
end if
end if
k+—k+1
end while
return  Wiee, Wayn, Weo, {ZitneDirain-

Algorithm 3: Evaluation and online stage of the P-TLDINet model

Input: A testing parameter set D", the training parameter set Dy, qin, the trained reconstruction model

coefficient W, the trained ODE coefficient matrices {Z;},,eD,,.....» SPatial coordinate information a*
to be predicted ;

Output: The approximate fields {w(p;)},,epn-

1:
2:
3:

9:
10:

for Vu* € D" do
for the m-th coefficient in ID model coefficient matrix E in Equation 11 do
Search for the corresponding k target coefficients based on the parameter points p € D(u*) and
denote them as {ffm)}iep(w);
Compute KNN weights by Algorithm 1 and calculate the m-th interpolated coefficient £*(™) by

e = N g (u)e™; (26)

Hi€D(p*)

end for

Compute E* = {5*(’”)}%:'11% based on the above calculations;

Solve Equation 8 by Runge-Kutta method and obtain {2;}, epn;

Reconstruct the approximate solution field u(ut;) by the reconstruction model NN, , * and
inverse normalisation as

a(x", t; ) = NNpeo(Z, p, ") (27)

end for
return {u(p;)},,epn-

10
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Figure 1: Flowchart of the P-TLDINet algorithm.
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Figure 2: Online stage of the P-TLDINet algorithm.
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8. Numerical Results

This section demonstrates the application of P-TLDINet. We explore P-TLDINet using two numerical
examples: the 2D-Burgers equation and lock exchange. The Burgers equation uses a uniform grid, whereas
the lock-exchange problem uses an unstructured triangular mesh, ensuring that both are capable of high-
fidelity numerical solutions. We depict the prediction performance and training speed of P-TLDINet with
unknown testing parameters.

In presenting the results of the first example, this method is compared with several dynamics identification
methods based on autoencoders. Additionally, two parameter ranges are employed to demonstrate the
generalisation ability of this framework. To further illustrate this capability, we include a dedicated subsection
for each of the two numerical examples, where the model is trained on data from multiple mesh resolutions.

The training of P-TLDINet and the compared methods is performed on an NVIDIA GeForce RTX 4090
(Ada Lovelace) with a 24 GB GDDR6X GPU.

8.1. Case 1: 2D-Burgers equation

The 2D parametric Burgers equation is widely used to describe shock waves and turbulence phenomena in
viscous fluids. We consider this equation with a viscous diffusion term, which includes a governing equation
and essential boundary conditions. It can be summarised as

ou 1
— +u-Vu=—Au, (r1,22) € Q,te]|0,1
ot Re (@1,2) 0,1 (28)

w(xy,x0,t =0; ) =0, (x1,22) € ON

where = [—3, 3] x [-3, 3] and the Reynolds number Re = 10000. The symbol w = (u, v) represents a vector
field, where v and v are the fluid velocity components in the x and y directions, respectively. The initial
condition determines the evolution of Equation 28. In this case, it is parametrised by p = {a,w} and defined
as 2 a2

1 2

L, (29)
causing the initial values to remain unequal even after normalisation. In this test case, both velocity com-
ponents u and v are assigned the same initial condition given by Equation 29. This choice simplifies the
problem while preserving its essential nonlinear characteristics, and is consistent with the typical symmetric
setup of the 2D Burgers problem. The high-fidelity solver uses a backward finite-difference discretisation in
space and an implicit backward Euler integration scheme in time. In the domain €2, a spatial step size of
50 is used for each edge, and a temporal step number of 200 is used, resulting in Azx; = Azy = 0.12 and
At =5 x 1073

u(t =0,21,72) = aexp(—

(0.5,1.5) (1.1,1.5)

(0.7, 1.1) (0.9,1.1)

(0.7, 0.9) (0.9,0.9)

(0.5,0.5) (1.1,0.5)

Figure 3: 2D-Burgers: The inner small blue square represents the range of the small parameter set; the outer large green
square represents the range of a large parameter set (includes the blue square area).

To demonstrate the generality of the P-TLDINet method, we choose two parameter ranges for comparison,
namely a small dataset D; = [0.7,0.9] x [0.9,1.1] and a large dataset Dy = [0.5,1.1] x [0.5, 1.5], as shown in
detail in Figure 3. Here, D; represents the parameter range selected for testing the performance of the model
in [41] and [43]. We have further expanded this range into D in our work.

12
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8.1.1. Trained on a small dataset D
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Figure 4: 2D-burgers: Low-dimensional dynamics and the solutions of the identified equations in the small dataset D;. (a)
and (b) show the dimension of the latent space N that ranges from 2 to 7. (a) represents the results for the entire time frame
t € [0,1.0], while (b) shows only in t € [0.4,0.6].

In the first example, P-TLDINet is trained on a small data set Dy, where the dimensionality of the latent
space N, ranges from 2 to 7 to reveal some special features of the reduction mapping in TLDNet. The input
size of the dynamical network N Ny, is Ny 4+ Np = N+ 2 and the output size is 2V,. The specific structure
of NNgy, is:

N Ny, :Linear(Ng + 2, 6) Tonp ResNetBlock(6, 6) Tonh Linear(6, 6) Tonp
’ Tanh (30)

ResNetBlock(6,6) — Linear(6, 2Ny),

where ”"Linear” is an FCNN and "ResNetBlock” refers to a ResNet block. The input size of the reconstruction
network NN,... is Ng +2+4 Np = N, + 4 (2 denotes the dimension of the spatial domain 2), and the output
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size is the number of flow fields in w, which is 2 in this problem. The specific structure of NN, is:
. Tanh Tanh . Tanh
NNy :Linear(Ng 4+ 4,11) = ResNetBlock(11,15) — Linear(15,15) —

ResNetBlock(15, 15) Tanp Linear(15,15) Tanp ResNetBlock(15,11) Tanh (31)

Linear(11, 2).

The initial mapping network NN, is expressed as:
NN, : Linear(2,6) =2} Linear(6,6) 2 Linear(6,6) —= Linear(6, Ny). (32)

To identify dynamics in the latent space S, linear terms and a constant term comprise the library ©(-)
in Equation 8, leading to N, = 6. The coefficient matrix = is contained in the network as trainable vari-
ables. Compared to the autoencoder, this is a sufficiently lightweight structure with fewer model trainable
parameters, leading to more rapid model training and less use of random access units.

The P-TLDINet model is trained by the Adam optimiser for 6000 iterations, with Ny,; = 500. To further
refine the training, a learning rate scheduler (StepLR) is implemented with an initial learning rate o = 0.05,
which decreases a by a factor of 0.6 every 500 iterations. 25 samples are randomly selected to estimate the
latent dynamics. The loss weights are set as wpr = 0.05, weoer = 0, and w,, = 0.5. For simplicity and
symmetry, all velocity fields shown in the following figures correspond to the u velocity component; the v
component exhibits similar behavior and is therefore omitted for brevity.

N, |2 3 4 5 6 7
Ly error (%) | 0.7504% 0.7010% 0.7531%  0.6623% 0.8467% 0.7951%

Table 2: 2D-Burgers: Total Ly errors on testing samples D" C D; of different Ns, which are the dimensions of the latent
dynamics.

The results of different N, are shown in Figure 4. To evaluate the reconstruction performance of NN,
and {E;},,ep, with the KNN interpolation method, 225 test samples in D; are adopted as D. The overall
Lo reconstruction errors are shown in Table 2. It can be seen that P-TLDINet still demonstrates sufficient
compression and learning capabilities even with different Ny, but the reconstruction efficiency did not improve
significantly with the increase of N,. It takes 1.3 hours to obtain high-dimensional solutions for the entire
testing set D for the solver, whereas P-TLDINet only requires 36.35 minutes of training time and 57.02
seconds to predict on D}, achieving a striking acceleration of 94.7x speed-up. From Table 2, P-TLDINet
reaches a reconstruction accuracy of 99% on the test dataset for every latent dimension.

In Figure 5, we compare the model with advanced reduced-order algorithms, GPLaSDI[43] and gLaSDI[41],
which are based on autoencoders and the identification of dynamics. We pick p* = [0.71,1.04] randomly to
show the predicted solutions of different methods at several time points when Ny = 5. Since w and v in u
are highly similar in the initial conditions of Equation 29, only the variation of u is shown here. All three
methods roughly restore the trends of the flow fields, and Figure 5(b) shows that their errors remain within
a very narrow range. Their reconstruction rates for all training samples are shown in Table 3. However, as
shown in Figure 6, gLaSDI and GPLaSDI contain far more trainable parameters and require more training
time compared to P-TLDINet. This is due to the nature of autoencoders. To further demonstrate the effects
of P-TLDINet, a large parameter dataset D5 is employed in Section 8.1.2.

8.1.2. Trained on a large dataset Dy

For the Burgers equation, a larger range of parameters implies more complex dynamics. The network
structure and training information are the same as those in the previous section. A new testing parameter
point set, D%, also containing 225 sample parameters, is selected from Ds.

Figure 7 illustrates the low-dimensional temporal dynamics of P-TLDNet for N ranging from 2 to 7 as
well. Figure 8 presents the prediction results of GPLaSDI, gLaSDI and P-TLDINet for the testing parameter
p = [1.0,1.29] when N; = 5. In Dy, notice the change in the upper and lower bounds of the colour bar in
Figure 8 (b), which implies that methods based on autoencoders fail to accurately generate high-dimensional
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(P-TLDINets )

(GPLaSDI)

(gLaSDI)

(a) Solutions
t=0.25 t = 0.50

(error P-TLDINets )

(error_GPLaSDI)

(error_gLaSDI)

(b) Errors

Figure 5: 2D-burgers: Results for the u velocity component. (a) shows high-fidelity velocity solutions and reconstruction
results of P-TLDINet, gLaSDI and GPLaSDI on p* = [0.71,1.04] in ’D{L when Ng = 5. (b) demonstrates point-wise errors
between three types of methods and the true value.
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Figure 6: 2D-Burgers: The bar chart shows the trainable model parameters and their compositions for GPLaSDI, gL.aSDI, and
P-TLDINet; the red line indicates the required model training time. GPLaSDI and gLaSDI consist of an encoder and a decoder,
whereas P-TLDINet replaces these with a combination of a dynamic network, a reconstruction network, and zp network.

approximate solutions as t evolves. In contrast, P-TLDINet continues to demonstrate reconstruction capa-
bilities similar to those on the smaller datasets D;. Table 3 shows the reconstruction rates for three methods.
It is obvious that when the parameter range becomes larger, P-TLDINet maintains its efficiency, while the
other methods may fail.

To delve deeper into the causes of this phenomenon, Figure 9 depicts the low-dimensional states of the
other two methods. It reveals that in the larger parameter space Ds, the states learnt by autoencoders
show more complex forms, which limit the identification ability of models and potentially cause divergence
when solving the latent governing equations. Comparing Figure 4 with Figure 7, it is clear that the latent
performances of P-TLDINet are consistently smoother than those learnt by autoencoders, regardless of the
dimensionality of the latent space. This is due to the properties of TLDNet. Therefore, this method is more
generalisable.

Ly error (%) | 2D-Burgers (D;) 2D-Burgers (Ds)

P-TLDINet 0.66% 0.86%
GPLaSDI 0.19% 35.90%
gLaSDI 1.27% 43.07%

Table 3: 2D-Burgers: Ls errors on all testing samples on D" C D; and D" C D, for different methods, when N = 5.
A notable observation from Figure 4 and Figure 7 is that the latent trajectories of P-TLDINet exhibit

approximately linear behaviour, which requires further discussion. This near-linearity does not indicate that
the dynamics network N Ng,, has collapsed to a constant; rather, it suggests that for the Burgers equation

16



Page 22 of 35

n_state = 2 n_state = 3 n_state = 4

02 0.2
06
0.0 0.0
04
—02
—0.2
02 —04
—0.4
0.0 o
-—r o6
-0.6 —r o2 —n Cos
— —r
—os —n oa A 10 n
——r --r: ]
00 02 04 0.6 08 10 0.0 02 04 06 08 10 0.0 02 04 06 08 10
time time time
n_state =5 n_state = 6 n_state =7

00 02 04 0.6 08 10 0.0 02 04 06 08 10 0.0 02 04 06 08 10
time time time
(a)
n_state =2 n_state = 3 o8 n state =4
04 10
0.4
0.8
o2 0.2 ]
I e 0.6 — R
0.0 e e [ R U —
0.4 02
-0.2 e B
—n
e —04{T - - s
-0.4
00 —n —n
ra 0671~ —- L 2}
0.6 S —n 02 ‘_"_"_'._r_'_ﬁ_'f—r, o8 —n
-— ro e —e—————— y 2
0.8 —n 04 —_n -1.0 - =
Lon .o S
040 042 044 046 048 050 052 054 040 042 044 046 048 050 052 054 040 042 044 046 048 050 052 054
time time time
n_state = 5 n_state = 6 n state =7

040 042 044 046 048 050 052 054 040 042 044 046 048 050 052 0.54 040 042 044 046 048 0.0 052 054
time time time

Figure 7: 2D-burgers: Low-dimensional dynamics and the solutions of the identified equations on the large dataset Dsz. (a)
and (b) show the dimension of latent space Ny ranging from 2 to 7. (a) represents results for the entire time frame ¢ € [0, 1.0],
while (b) shows only in t € [0.4,0.6].

under the chosen parameter regime, the system’s essential dynamics in the low-dimensional latent space are
indeed nearly linear.

Although the 2D Burgers equation is inherently nonlinear due to the advection term (u - V)u, this does
not preclude its latent dynamics from exhibiting linear characteristics. Linear latent dynamical models have
also been used for the nonlinear 2D Burgers problem in LaSDI[42]. In gLaSDI[41], it can be observed that
under the same example, the underlying dynamics exhibit similar quasi-linear characteristics as those shown
in Fig. 4 and Fig. 7. From a theoretical perspective, the classical Cole-Hopf transformation exactly linearises
the nonlinear Burgers equation into the linear heat equation, providing a mathematical foundation for the
emergence of linear behaviour in this system.
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8.1.8. Compared to POD-NN and LDNets

To further situate the proposed P-TLDINet within the existing literature, we compare it with two addi-
tional non-intrusive reduced-order modelling approaches: POD-NN[33] and LDNets[36].

POD-NN combines proper orthogonal decomposition (POD) with a neural network that maps the pa-
rameters g and time ¢ directly to the POD coefficients, bypassing any dynamical system identification. This
approach is conceptually simple and computationally efficient at test time, but it lacks any explicit mod-
elling of the underlying dynamics, which limits its accuracy for highly nonlinear problems. LDNets, on the
other hand, learns a latent dynamical system purely through neural network fitting, similar in spirit to our
approach but without the subsequent sparsity-promoting distillation step. Its dynamics remain encoded in
a black-box neural network, and the final model does not provide an interpretable governing equation.

Both methods are trained and tested on the same 2D-Burgers dataset under the large parameter domain
Dy = [0.5,1.1] x [0.5,1.5], using the identical 47 training parameters and 225 test parameters as described
in Section 8.1. For a fair comparison, the latent dimension is set to Ny = 5 for all methods, and the same
number of training iterations is used. Table 4 reports the relative Lo errors on the test set DY, together with
the offline training time and the online prediction time for all 225 test parameters and 200 time nodes.

Method Lo error (%) Training time (min) Prediction time (s)
P-TLDINet 0.86% 36.35 57.02
POD-NN 3.92% 12.10 1.26
LDNets 0.92% 35.64 89.30

Table 4: 2D-Burgers (D2): Performance comparison among P-TLDINet, POD-NN and LDNets.

POD-NN achieves the shortest training and prediction times because it avoids any time integration and
directly outputs the POD coefficients via a single forward pass. On the large parameter domain Dy, POD-NN
achieves substantially lower errors than GPLaSDI (35.90%) and gLaSDI (43.07%), highlighting the strength of
non-intrusive regression-based approaches for large parameter domains. However, its error of 3.92% remains
higher than those of P-TLDINet (0.86%) and LDNets (0.92%).

LDNets achieves a moderate overall error that is comparable to that of P-TLDINet, which are 0.92% and
0.86%. The training times of the two methods are also close. However, a notable difference appears in the
online prediction stage. LDNets requires both the dynamics network N Ng,,, and the reconstruction network
N Ny to produce the final output at each query point. In contrast, P-TLDINet, after distillation, only needs
the explicit SINDy coefficient matrix = (which defines the governing equation), the reconstruction network
NNy, and the initial state network NN, , which means that the dynamics network NNgy, is no longer
required during inference. This difference leads to faster online prediction for P-TLDINet, as shown in Table
4.

Although both P-TLDINet and LDNets operate in the framework of learning latent-space dynamics, their
methodological foundations and final outputs differ substantially in the following aspects.

First, and most fundamentally, the nature of the final surrogate model is different. LDNets retain the
trained neural ODE (N Ngy,) as a black-box predictor, meaning that its dynamics are implicitly encoded in
the network weights and cannot be expressed in closed form. In contrast, P-TLDINet introduces a dedicated
distillation part that replaces the neural ODE with a sparse, explicit SINDy model. In the present case,
Burgers functions are reduced to a simple affine form. This yields a closed-form dynamical system that is
not only interpretable but also allows the complete low-dimensional state to be obtained directly without
querying a black-box network. In other words, LDNets approximates the dynamics through pure neural
network regression, whereas P-TLDINet approximates the dynamics through explicit functional forms, which
is conceptually closer to function approximation than to black-box fitting.

Second, the treatment of the initial latent state differs fundamentally. LDNets assumes, without loss of
generality, that the initial latent state is fixed to zero, i.e. z(0) = 0[36]. This assumption is justified by the
hidden nature of z(t), but it implies that all information about the physical initial condition must be encoded
in the reconstruction network NN,.... While this works well for problems with fixed initial conditions, it
becomes problematic when the initial condition itself varies with parameters. For example, the case for the
2D-Burgers equation considered in this work, where the initial condition is parameterized by pu = {a,w}
(Equation 29). By contrast, P-TLDINet employs a dedicated network NN, that explicitly predicts the
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initial latent state z(0) from the input parameters p:
2(0) = NN, (n). (33)

This design is physically more intuitive and directly handles parameter-dependent initial conditions. To
quantify this difference, we conducted an additional experiment where LDNets was applied to the 2D-Burgers
problem with parameterized initial conditions. As shown in Table 5, the overall prediction errors of the two
methods are comparable. However, a notable difference appears in the reconstruction of the initial condition:
LDNets exhibits significantly larger errors when the initial condition varies with parameters, whereas P-
TLDINet maintains its accuracy. This discrepancy arises from the different treatments of the initial latent
state. LDNets assumes s(0) = 0 and relies entirely on NN,.. to implicitly infer the initial physical field
from the parameters, a task that becomes challenging when the initial condition is parameter-dependent.
In contrast, P-TLDINet explicitly predicts z(0) from g via the dedicated network NN, , which is trained
specifically for this purpose, leading to more accurate initial field reconstruction. Despite this difference in
initial condition recovery, both methods achieve similar overall errors, suggesting that the influence of the
initial error diminishes as the system evolves.

Method Ly error at tg (%) Lo error of overall (%)
P-TLDINet 0.67% 0.86%
LDNets 2.73% 0.92%

Table 5: 2D-Burgers: Comparison of reconstruction errors for P-TLDINet and LDNets in case of 2D-burgers on Ds.

Third, the parameterization learning strategies are different. LDNets incorporates parameters p as inputs
to both the dynamics and reconstruction networks, relying on the network’s generalization capability to
handle unseen parameters. P-TLDINet, in addition to using parameters as network inputs, further combines
the distilled SINDy coefficients with a KNN interpolation scheme in the coefficient space. This enables
smooth and robust interpolation across unseen parameters, which is particularly beneficial for problems with
parameter-dependent initial conditions. Moreover, because the distilled SINDy model is evaluated directly
without ODE integration, P-TLDINet achieves faster online prediction than LDNets, as discussed earlier in
Table 4. The advantage becomes more pronounced when predictions are required at many time instants or
over long time horizons, as each time step in LDNets requires an additional forward pass through NNy,
whereas P-TLDINet evaluates the closed-form SINDy model directly.

Fourth, the time discretization schemes differ. LDNets employs a first-order forward Euler scheme for
time advancement, while P-TLDINet instead uses a second-order Taylor-series expansion. The Taylor-series
scheme has a smaller local truncation error (O(At3)) compared to the forward Euler scheme (O(At?)). While
this does not lead to a significant reduction in training time, it theoretically reduces the accumulation of errors
for long-time predictions.

In summary, P-TLDINet strikes the best balance between accuracy and computational efficiency. It
outperforms POD-NN in accuracy by a large margin and surpasses LDNets in both predicting speed and
interpretability, while maintaining excellent generalisation from the small parameter domain D; to the much
larger domain Ds.

8.1.4. Trained on different resolutions of the meshes

This section demonstrates another capability of P-TLDINet, which is learning on different resolutions
of the meshes. P-PDE problems with multiple resolutions are commonly found in physical simulations and
engineering applications[53].

In this example, three types of square grids with different resolutions are fed into the model. The grids
are shown in Figure 10. For simplicity, these grids are uniform and divided into 50, 60, and 70 segments along
the x; axis and the x5 axis respectively, resulting in 2500, 3600, and 4900 mesh points in total. The training
data {u} are generated according to the random selection in Dy. The other conditions and network structure
are the same as those in the previous training. The trained model is then applied to make predictions on the
grid (c¢) in Figure 10, which has 4900 nodes, achieving a reconstruction accuracy of 98.73%. Figure 11 shows
the specific prediction results of P-TLDINet at p* = [0.64,1.21].
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Figure 9: 2D-Burgers: Latent states trained by GPLaSDI and gLaSDI on dataset D; and Da.
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Figure 10: 2D-burgers: Three types of square grids with different resolutions.

8.2. Case 2: Lock exchange

Lock-exchange is a classic numerical experiment in fluid mechanics, designed to analyse the mixing and
flow behaviours between fluids of varying densities. A 2D rectangular flat-bottomed tank is filled with a
source fluid on one side and an ambient fluid on the other, separated by a vertical gate in the middle. The
source fluid has a lower temperature and higher density, while the ambient fluid is the opposite. After
the gate is removed, the denser fluid collapses under the lighter one. The two fluids gradually mix under
gravity until viscosity dominates. The density interface between the source fluid and the ambient fluid forms
Kelvin—Helmholtz billows[54], due to instability.

Assuming the temperature on the right side is Ty and on the left side is —Tj, the involved equations
include several formulas from fluid mechanics. The incompressible fluid model can be written as:
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Figure 11: 2D-Burgers: The high-fidelity velocity solutions, predicted solutions of P-TLDINet and errors for multiple resolu-
tions of the grids at pu* = [0.64,1.21].

o
p (altl + (u~V)U) = —Vp+vViu+pg

V-u=0 (34)

oT

o +u-VT =aV?T (z1,12,t) € Q x [0s, 83
where the first equation is the Navier-Stokes equation, the second represents the incompressibility condition,
and the third is the energy equation. u is the velocity vector, and p is the pressure. T is temperature, which
is the scalar data observed and learned in this case. = [0m,0.1m] x [0m,0.8m]. The density p is related

to temperature through the Boussinesq approximation:
p(T) = po [1—B(T —Tp)] (35)

where pg is the reference density at temperature Ty, and ( is the thermal expansion coefficient. Here, thermal
diffusion is not considered.
The initial condition for velocity u and temperature 7' is summarised as follows:

u(z1,22,0) =0

—To, 71 < 0.4m (36)
To. Tq Z 0.4m

T(z1,22,0) = {

The lock exchange adopts a no-slip boundary condition, meaning that the velocity remains zero at the bottom
of the domain. The other relevant physical configurations are shown in Table 6.

The high-fidelity solutions are obtained using an unstructured mesh finite element model, Fluidity[55].
The time interval is set to At = 0.005s. The grid is non-uniform and remains constant over time. Considering
that the flow characteristics of the lock exchange may present more dynamic variability in the middle section,
a grid refinement is employed between 0.2m < x < 0.6m.

In this case, p = {Tp,v} € D = [4.9,5.1] x [1075,1075] forms the parameter space.
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Physical parameters (unit) Notation Value

kinematic viscosity coefficient (m?s~1!) v 10-6
gravitational acceleration (ms~2) g 10
thermal diffusivity (ms™=2) o 0

thermal expansion coefficient (°C~1) B 1073

Table 6: Lock-exchange: Configurations of simulation in Fluidity.
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Figure 12: Lock-exchange: Low-dimensional dynamics and the solutions of the identified equations at g = [5.0,1076]. (a)
and (b) show the dimension of latent space Ns ranging from 2 to 6. (a) represents results for the entire time frame ¢ € [0, 0.8],

while (b) shows only in ¢t € [0.2,0.4].

8.2.1. Trained on a single-resolution grid

In this case, P-TLDINet is first trained on a single-resolution grid with 1491 node points. 25 samples are
randomly selected as the training parameter set Di,.qin, and the discrete test parameter set Dl is composed of
225 samples. We trained P-TLDINet from Ny, = 2 to Ny = 6, employing the second-order Taylor expansion
in Equation 3 for time advancement. The structure of the dynamical network N Ny, is

N Ngyp, :Linear(Ng + 2,9) Tonp ResNetBlock(9,9) LTonp Linear(9,9) Tonp (37)
ResNetBlock(9,9) Tonp Linear(9, Ng).
The structure of the reconstruction network NN, is
NN, :Linear(Ng + 4,11) 22 ResNetBlock(11,20) =2 Linear(20, 20) =2
ResNetBlock (20, 20) Tonh Linear (20, 20) Tonh ResNetBlock(20,11) Tonp (38)
Linear(20, 20) =2 ResNetBlock(20,20) =2 Linear(20, 20) =2
ResNet (20, 20) =2 Linear(20, 11) 22 Linear(11, 2).
The initial mapping network NN, has the form of:
NN, : Linear(2,9) Tonh Linear(9,9) Tonb Linear(9,9) Tonh Linear(9, Ns). (39)

In the library of basis functions ©(z), only linear and constant terms are taken into account. The optimiser is
configured to the Adam optimiser with a learning rate of 0.05, decaying by a factor of 0.6 every 500 iterations
and Nyo; = 500. The loss hyperparameters are set as wpr = 0.5, Weoer = 0 and w,, = 0.5.
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N, | 2 3 4 5 6
Ly error (%) | 0.8289 0.6977 1.310 0.8827 0.8368

Table 7: Lock-exchange: Total Ly errors on testing samples D* C Dyyiqn of different N.
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Figure 13: Lock-exchange: High-fidelity temperature solutions, reconstruction results and errors of P-TLDINet at p* =
[4.929,8.0776] vary with ¢.
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Figure 14: Lock-exchange: The flow fields reconstructed by P-TLDINet at p* = [4.929,8.0776] for Py, P> and Ps.

Figure 12 and Table 7 illustrate the dimensionality reduction performances across various low-dimensional
spaces. It is clear that P-TLDINet still shows greater smoothness, even under more intricate dynamical sys-
tems in this case. This feature enhances the effectiveness of subsequent equation identification and facilitates
predictions with a 176.5x speed-up.

Figure 13 shows the prediction results for p* = [4.929,8.0776] in D*. More detailed results are shown in
Figure 14, showing the flow field reconstructions at three single points, P;, P, and P3, with the same p*. It
is apparent that P-TLDINet exhibits excellent reconstruction capability.

8.2.2. Trained on different resolutions of the meshes

In the lock-exchange scenario, grids of different resolutions are also tested. These grids obey the sparsity
characteristics described previously and are depicted in Figure 15. These three grids have 1894, 1491, and
1278 spatial points, respectively. D4 is randomly divided into three parts, and each part corresponds
to a different grid size. The high-dimensional data {u} are generated by Fluidity on these three grids for
network training as input. Finally, predictions are made on the grid (¢) in Figure 15. The prediction
results achieve 97.00% recovery accuracy. Figure 16 presents the specific prediction results of P-TLDINet at
p* =1[5.00,4.214 x 1079].

9. Conclusion

This paper introduces a Parametric Taylor series-based Latent Dynamics Identification Network (P-
TLDINet), a novel dimensionality reduction neural network designed for robust, accurate, and computation-
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Figure 16: Lock-exchange: The high-fidelity temperature solutions, predicted solutions of P-TLDINet and errors for different
resolutions of the grids at p* = [5.00,4.214 x 107].

ally efficient data-driven modelling of parametric dynamical systems. The proposed model integrates with
Taylor series-based Latent Dynamic Networks (TLDNet) and Identification of Dynamics (ID models), which
are also the core strengths of our work. Three sub-networks and the coefficients of ID models are trained
simultaneously and interactively, facilitating a simple and smoother discovery of latent dynamics. In order to
enhance the exploration of parameter spaces, a state-of-the-art k nearest neighbour (KNN) method based on
inverse distance weighting (IDW) is used to predict approximate scalar fields of unknown parameter samples,
incorporating spatial information.

To demonstrate the utility of P-TLDINet, it has been applied to dynamical problems with nonlinear
characteristics, including 2D Burgers’ equations and the lock-exchange case. Numerical results show that,
compared to autoencoder-based latent identification methods (GPLaSDI and gLaSDI), P-TLDINets have a
lighter structure and superior performance, tending to reflect better learning capabilities in more complex
parameter spaces with less training time. In addition, in contrast to standard autoencoder-based methods
that are typically restricted to a fixed grid resolution due to their reliance on a fixed input dimension, P-
TLDINet can handle multiple mesh resolutions within a single trained network. This is achieved through
the coordinate-based input of N N,.., which decouples the model from any specific discretization. The Lo
errors of the P-TLDINets remain consistently below 2%, achieving a significant computational speedup. P-
TLDINet supports training on multiple mesh resolutions within a single trained network, which is a feature
that arises naturally from the coordinate-based design of NN,.., which does not depend on any fixed grid
structure. By contrast, standard autoencoder-based approaches typically rely on a fixed input dimension,
making them inherently limited to the resolution on which they were trained. The Lo errors of P-TLDINet
remain consistently below 2%, while achieving a significant computational speedup.

In comparison to LDNets, which encodes all information within a black-box neural network, P-TLDINet
introduces a fundamentally different strategy by extracting an explicit, closed-form SINDy model from the
latent dynamics. This key feature not only provides interpretability but also opens up new possibilities
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for parameterisation learning in the low-dimensional space. For instance, in this work, we adopt a KNN
interpolation scheme in the SINDy coefficient space to achieve robust generalisation across unseen parameters.
Beyond that, the proposed parametric framework is inherently flexible and can accommodate other sampling
or interpolation strategies, such as greedy sampling or radial basis function interpolation, depending on the
specific requirements of the problem. When the initial condition varies with parameters, LDNets lead to less
accurate reconstruction near the initial time, as the entire initial field must be implicitly inferred by N N,...
To address this issue, we introduce a dedicated initial state network NN, that explicitly predicts z(0) from
the input parameters, effectively compensating for this deficiency. Additionally, we employ a second-order
Taylor-series scheme for time advancement, which offers a smaller local truncation error compared to the first-
order forward Euler scheme used in LDNets, theoretically reducing the accumulation of errors over long-time
predictions.

P-TLDINet provides a transformation from leading-edge modelling reductions (such as methods based
on POD and autoencoders). In detail, instead of explicitly constructing an autoencoder based on high-
dimensional discrete coordinates, P-TLDINet automatically generates a latent representation of the system’s
states and implements a direct query for individual spatial coordinates. Additionally, it addresses the limita-
tions of LDNets in handling problems with varying initial conditions, thereby broadening its generalisation
performance. The ID model improves interpretability in low-dimensional spaces, and the concept of locally
identifiable predictions makes P-TLDINets more competitive.

The presented parametric framework is generalisable, allowing for the integration of other sampling (such
as greedy sampling) and interpolation methods. P-TLDINet can not only accommodate input with varying
grids during the training procedure but also enhance spatial flexibility in the online reconstruction process.
This enables P-TLDINet to handle different resolutions of the meshes relatively easily, paving the way for
future applications in adaptive meshing and complex problems.

While the current P-TLDINet framework has demonstrated strong performance on the test cases consid-
ered in this work, its applicability to more complex scenarios, such as stiff dynamics or noisy data, remains
to be further explored. These more challenging cases introduce new difficulties for both the stability of time
integration and the accumulation of errors over long-time predictions. To address these challenges in future
work, perturbation and denoising strategies could be incorporated into the P-TLDINet framework. These
techniques have the potential to enhance the robustness of the model against numerical instabilities and im-
prove its long-term predictive capability, thereby extending the applicability of P-TLDINet to a wider range
of complex dynamical systems.
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